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Chapter 2

Basis Function and Interpolation

2.1 Representing a One-Dimensional Field

Consider the problem of finding a mathematical expression u (x) to represent a one-dimensional

field e.g., measurements of temperature u against distance = along a bar, as shown in Figure 2.1.

Y

FIGURE 2.1: Temperature distribution u (z) along a bar. The points are the measured
temperatures.

One approach would be to use a polynomial expression u (z) = a + bxr + cz? + da® +
... and to estimate the values of the parameters a, b, ¢ and d from a least-squares fit to the
data. As the degree of the polynomial is increased the data points are fitted with increasing
accuracy and polynomials provide a very convenient form of expression because they can be
differentiated and integrated readily. For low degree polynomials this is a satisfactory approach,

but if the polynomial order is increased further to improve the accuracy of fit a problem arises:
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FIGURE 2.2: A least-squares polynomial fit to the data, showing the unacceptable oscillation
between data points

the polynomial can be made to fit the data accurately, but it oscillates unacceptably between the

data points, as shown in Figure 2.2.

2.2 Summation Notation

The following (Einstein) summation notation will be used throughout these notes. In order to

eliminate summation symbols repeated “dummy” indices will be used i.e.,

zn: a'b; = a'b; (2.1)

i=1

To indicate an index that is not summed, parentheses will be used i.e., a(i)b(i) is talking about

the singular expression for i e.g., a'by, ab etc.

In order to indicate a summation the sum must occur over indices that are different sub/super-
script i.e., the sum must be over an “upper” and a “lower” index or a “lower” and an “upper”
index. Note that it may be useful to remember that if an index appears in the denominator of a

fractional expression then the index upper- or lower- ness is “reversed”.

For some quantities with both upper and lower indices a dot will be used to indicate the
“second” index e.g., in the expression A_ij then 7 can be considered the first index and j the

second index.
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2.3 Basis Functions and Interpolation

Both the finite element method (FEM) and the boundary element method (BEM) use interpo-
lation in finding a field solution i.e., the methods find the solution at a number of points in
the domain of interest and then approximate the solution between these points using interpola-
tion. The points at which the solution is found are known as nodes. Basis functions are used
to interpolate the field between nodes within a subregion of the domain known as an element.
Interpolation is achieved by mapping the field coordinate onto a local parametric, or &, coor-
dinate (which varies from 0 to 1) within each element. The global nodes which make up each
element are also mapped onto local element nodes and the basis functions are chosen (in terms
of polynomials of the local parametric coordinate) such that the interpolated field is equal to the
known nodal values at each node and is thus continuous between elements. A schematic of this

scheme is shown in Figure 2.3.

node 1 node 2 node 3 node 4
Ul U2 U3 U4
Global nodes . ° ° . > T
ul u2 ul u2 ul u2
Local element nodes 13 +—+—>§ +—+—>§
0 1 0 1 0 1
element 7 element 2 element &

FIGURE 2.3: A schematic of the relationship between local and global nodes, elements and the
parametric elemental £ coordinate.

2.3.1 Lagrangian Basis Functions

One important family of basis functions are the Lagrange basis functions. This family has one
basis function for each of the local element nodes and are defined such that, at a particular node,
only one basis function is non-zero and has the value of one. In this sense a basis function

can be thought of as being associated with a local node and serves to weight the interpolated
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solution in terms of the field value at that node. Lagrange basis functions hence provide only

C° continuity of the field variable across element boundaries.

Linear Lagrange basis functions

The simplest basis functions of the Lagrange family are the one-dimensional linear Lagrange

basis functions. These basis functions involve two local nodes and are defined as

=1
e1(§) 3 2.2)
p2(§) =¢
The two one-dimensional linear Lagrange basis functions are gshown in Figure 2.4.
1
0.8 o1 () f
04 | ,
02 | e© |
0 / | | | !
0 0.2 0.4 0.6 0.8 1
§
FIGURE 2.4: Linear Lagrange basis functions.
The interpolation of a field variable, u, using these basis functions is given by
1 2
U = u + u
(&) =1 (&) ©2 (§) 2.3)

=1 -gu' + &’
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where u!' and 2 are the values of the field variable at the first and second local nodes respec-
tively. These basis functions hence provide a linear variation between the local nodal values

with the local element coordinate, €.

Quadratic Lagrange basis functions

Lagrange basis functions can also be used to provide higher order variations, for example the
one-dimensional quadratic Lagrange basis functions involve three local nodes and can provide

a quadratic variation of field parameter with £. They are defined as

@ =2(e-3) €
o2 () = 4(1-9) 4
e =2 (- 5)

The three one-dimensional quadratic Lagrange basis functions are shown in Figure 2.5.

0.6 F /'/ \\ ‘ B

02 \

—0.2 | | | |
0 0.2 0.4 0.6 0.8 1

§

FIGURE 2.5: Quadratic Lagrange basis functions.
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The interpolation formula is

u (&) =1 () u' + 2 (&) u? + 3 () u®

2.5
—2(e- ) €-Durac-garra (- 3)w =

Cubic Lagrange basis functions

One-dimensional cubic Lagrange basis functions involve four local nodes and can provide a

cubic variation of field parameter with £. They are defined as

o (€)= S (36— 1) (3 —2) (1 ¢)

2
£ (€) = 26 (36— 2) (6~ 1)

2 (2.6)
03 (€) = JE(BE~ 1) (1-©)

1

Pe(6) = SE (36— 1) (3¢ —2)

The four one-dimensional cubic Lagrange basis functions are shown in Figure 2.6.

The interpolation formula is

u (&) = @1 () u' + 2 (&) u” + o3 (&) u’ + @4 (&) u*

= S BE-1) (36 -2 (1 -’ + 6B~ 2) (€~ 1) @)
FIEBE— 1) (L&) u’ + (3¢ — 1) (36 — 2)u’

General Lagrange basis functions

In general the interpolation formula for the Lagrange family of basis functions is, using Einstein

summation notation, given by
u(€) =va(u* a=1,...,n (2.8)

where n. is the number of local nodes in the element. Einstein summation notation uses a

repeated index in a product expression to imply summation. For example Equation (2.8) is
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1.2

0.8
0.6
0.4

0.2

—0.2

—-0.4

equivalent to

P2 Zf) \\ v3(€) i
/ \\\ |
\ .
©1(€) \ ©a () |
\\\ -
N
\ /
0.2 0.4 0.6 0.8 1
§

w(©) =) ¢a)u” (2.9)

Bilinear Lagrange basis functions

Multi-dimensional Lagrange basis functions can be constructed from the tensor, or outer, prod-

ucts of the one-dimensional Lagrange basis functions. For example the two-dimensional bilin-

ear Lagrange basis functions have four local nodes with the basis functions given by

01 (£1,62) = 1 (&) w1 (§2) = (1= &) (1 = &)

02 (£1,62) = @2 (1) w1 (§2) = & (1 — &) (2.10)
03 (£1,82) = 1 (&) w2 (§2) = (1 = &1) &2

01 (£1,62) = 92 (&1) w2 (§2) = &162

The four two-dimensional bilinear Lagrange basis functions are shown in Figure 2.7.
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@3 (&1,&2)
04 (&1,62)
$1 (517 52)
1
0.8 £17§2)
0.6 .
0.4 :~
0.2 S
0 >
~
‘ DQ 1
6 J.O
0% od &
0.4 06 5
& ’ 0.8 70

FIGURE 2.7: Bilinear Lagrange basis functions.

The multi-dimensional interpolation formula is still a sum of the products of the nodal basis
function and the field value at the node. For example the interpolated geometric position vector

within an element is given by

(&1, 6) = ¢a (61,62) 2°

(2.11)
=1 (&, &) &' + @2 (61, 6) & + 03 (&1, &) ° + 4 (61, &)

where, for the vector field, each component is interpolated separately using the given basis

functions.
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Biquadratic Lagrange basis functions

The two-dimensional biquadratic Lagrange basis functions have nine local nodes with the basis

functions given by

1

@1 (§1,82) = w1 (&1) 1 (§2) =4 <§1 —3 (& —1) <€2 - %) ((a—1)

02 (€1,62) = w2 (1) 1 (§2) = 8& (1 — &) <§2 - %) (2 —1)
03 (€1,62) = w3 (&1) 1 (§2) = 4& (fl — )

1

2
bi6,8) =06 @) =3 (6 3) @ - Dal-&
05 (61,6) = 92 () 2 (€2) = 166 (1 - £) & (1 - &) 212)
oo (616) = (6) 2 (6) =36 (6 - 5 ) € (1- &)

o1 6,8) =1 (€ val@) =1 (6 3 ) (6~ D (&0 5
03 (&1,&2) = 2 (&) 93 (&) =86 (1 — &) & <§2 - %)

Po (§1,€2) = s (&1) s (&2) = 481 (51 — %) & (52 N %)

The four two-dimensional biquadratic Lagrange basis functions are shown in Figure 2.8.

2.3.2 Hermitian Basis Functions

Hermitian basis functions preserve continuity of the derivative of the interpolating variable i.e.,
C' continuity, with respect to £ across element boundaries by defining additional nodal deriva-
tive parameters. Like Lagrange bases, Hermitian basis functions are also chosen so that, at a
particular node, only one basis function is non-zero and equal to one. They also are chosen so
that, at a particular node, the derivative of only one of four basis functions is non-zero and is
equal to one. Hermitian basis functions hence serve to weight the interpolated solution in terms

of the field value and derivative of the field value at nodes.
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o7 (£1,62)
ws (£1,&2)

¢4 (&1,62) ©9 (1,&2)

o) |
e1 (61, &2) Q’ /t (Q \

1 P2 (& %}/{’lv"',é«/
0 . é%g{hm»% /l/;"' -
06 | N AP Tl L5
0.4 5= 4@;\('4& 7
0o || o %

0

FIGURE 2.8: Biquadratic Lagrange basis functions.

Cubic Hermite basis functions

Cubic Hermite basis functions are the simplest of the Hermitian family and involve two local

d
nodes per element. The interpolation within each element is in terms of x“ and d_:c and is
given by “
dx dx
z(€) =V (@' + V19 5o | + V2" + U3 (9) 4 (2.13)
1 2

where the four one-dimensional cubic Hermite basis functions are given in Equation (2.14) and

shown in Figure 2.9.

U9 (€) =1-3¢ +2¢°

() =¢¢-1) o1
(&) = &% (3 —2¢)

Uy (&) =& ¢—1)
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v; (€)

—0.2 | | | |
0 0.2 0.4 0.6 0.8 1

§

FIGURE 2.9: Cubic Hermite basis functions.

Scaling

One further step is required to make cubic Hermite basis functions useful in practice. Consider

the two cubic Hermite elements shown in Figure 2.10.

The derivative Z—Cg ‘ defined at local node « is dependent upon the local element £-coordinate
a
and is therefore, in general, different in the two adjacent elements. Interpretation of the deriva-
tive is hence difficult as two derivatives with the same magnitude in different parts of the mesh
might represent two completely different physical derivatives. This is problematic for mod-
elling and computation if the interpretation of the magnitude of the derivative (or scaling) is
unknown e.g., we cannot assign physical units. If the scaling varies throughout the mesh then a
derivative at a node that has a magnitude of, say, 5 will be different from another derivative at
another node that also has the magnitude of 5. Thus, a numerical solver that is given a vector
of derivative values would assume that the scalings are the same and interpret the magnitudes
identically. This would mean that algorithms may fail e.g., if, say, we needed to compute the

norm of a vector of derivatives then by assuming the same scaling the wrong result would be
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FIGURE 2.10: Two cubic Hermite elements (denoted by 7 and 2) formed from three nodes
(shown as a e and denoted by 1,2 and 3) and having arc-lengths s; and s, respectively.

computed.

In order to the have a consistent interpretation of the derivative throughout the mesh it is
better to base the interpolation on a physical coordinate. Whilst we are free to choose the
physical coordinate to be anything the optimum choice is arc length as this is what physical
processes are based on. However, arc-length is extremely difficult to use as an interpolation
parameter as the inherent nonlinearity involved in its calculation makes conversion to and from
coordinates non trivial. The solution is to find a parameter that scales in the same way as arc-

length or as close to it as we can.
: . o : ¢
Consider then basing the derivatives on an arc-length coordinate at nodes, s with
s

d_:r: B de(a,e) (@)
dé |, ds  \d¢), 2.15)
de(a e)S
- dS (6)

d
. Here X is a physical arc-length derivative, A (o, e) is the global

. dx
used to determine — g
s

dg

d
node number of local node « in element e, (d—z) is an element scale factor, denoted by S (e),

e

o

which scales the arc-length derivative to the {-coordinate derivative. Thus Is is constrained
s

: : dx . o .
to be continuous across element boundaries rather than € The cubic Hermite interpolation
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formula now becomes

1 2
2O =WEO + VO TS+ WO HUEO TS @1

By interpolating with respect to s rather than with respect to £ there is some liberty as to
the choice of the element scale factor, S (). The choice of the scale factor will, however, affect
how & changes with s. It is computationally desirable to have a relatively uniform change of ¢
with s (for example not biasing the Gaussian quadrature — see later — scheme to one end of the
element). For this reason the element scale factor is chosen as some function of the arc-length
of the element, s.. The simplest linear function that can be chosen is the arc-length itself. This
type of scaling is called arc-length scaling.

To calculate the arc-length for a particular element an iterative process is needed. The arc-

length for a one-dimensional element in two-dimensions is defined as

ngo/l \/(dz—f))2+ (di—?)Qdf 2.17)

However, since the interpolation of x (&), as defined in Equation (2.16), uses the arc-length

dx (€)
dg

1
arc-length, s, = / '
0

in the calculation of the scaling factor, an iterative root finding technique is needed to obtain the
arc-length.
Thus, for an element e, the one-dimensional cubic Hermite interpolation formula in Equa-
tion (2.16) becomes
x (&) = o (x5 (e,u) (2.18)

) . dx®
where « varies from 1 to 2, u varies from 0 to 1, 4 = ¢, 7 = ——, S(e,0) = 1 and

d
S(e,1) = S (e) = s.. Equation (2.18) is equivalent to ’
x (&) = VY (&) xS (e,0) + Uy (§) xS (e, 1) + VY (&) %S (e,0) + W5 (§) %S (e, 1) (2.19)

i.e., there is an implied sum with a and u for Wy, (£) and ¢, but not for S (e, u).
There is one final condition that must be placed on the £ to arc-length transformation to
ensure arc-length derivatives. This condition is based on the geometric defintion of arc-length

which is given by Pythagorus i.e., for two-dimensions in rectangular cartesian coordinate we
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have
ds? = da® + dy? (2.20)

or, in general coordinates,
ds® = g;;da'da’ (2.21)

where g;; are the components of the metric tensor.

Rearranging Equation (2.20) we find that the arc-length derivative vector at a node for ge-

ometric like fields, for rectangular cartesian coordinates, must have unit magnitude. Thus for

global node A we have
dx?
— =1 222
’ ds ||, (2.22)
In general coordinates this condition becomes
d t g 2.23
H Isi ||, ’ (229

where sy, is the k™ global arc-length direction and g is the metric tensor.

The use of this constraint on arc-length derivative magnitude ensures that there is continuity
with respect to a physical parameter, s, rather than with respect to a mathematical parameter &.
The set of mesh parameters, u, for cubic Hermite interpolation hence contains the set of nodal

values (or positions), the set of nodal arc-length derivatives and the set of scale factors.

Extension to higher orders

Bicubic Hermite basis functions are the two-dimensional extension of the one-dimensional cu-
bic Hermite basis functions. They are formed from the tensor (or outer) product of two of the
one-dimensional cubic Hermite basis functions defined in Equation (2.14). The interpolation

formula for the point « (&1, £») within an element is obtained from the bicubic Hermite interpo-
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lation formula (?),

@ (&1,6) = W) (&) U (&) &' + Y (&) U] (&) 2+
U (&) U9 (&) 2 + W3 (&1) V) (&) =+

B () W0 (&) 22| L wt e w0 (@) 22 4

(’9—& 1 851 2
ox ox

VL) V(&) | + (@) V(&) 5| +

oz 0 ey 9% (2.24)
agz . + \:[12 (gl) \:[Il (§2) 852 ) +

9 d
W (@)W (&) 5| +IE ) ge| +

1 1 8271‘ L ! 8271‘
w(€) Ul (&) @)@ 5oy

0£,06,
2
+ 05 (&) U5 (&) Ve

Oz Pz
06,06, |, 0€,06

T (61) 1 (&)

+
2

V3 (61) T3 (&)

4

As with one-dimensional cubic Hermite elements, the derivatives with respect to £ in the
two-dimensional interpolation formula above are expressed as the product of a nodal arc-length
derivative and a scale factor. This is, however, complicated by the fact that there are now
multiple ¢ directions at each node. From the product rule the transformation from an £ based

derivative to an arc-length based derivative is given by,

ox ox % ox %

or _owos | o% 205
06 05, 06 | 9s, 06 (2.25)

Now, by definition, the [ arc-length direction is only a function of the /" £ direction, hence

the derivative at local node « is

ox O (ae)
tadl 2.2
i M el O (2.26)
and the cross-derivative is
O2x aQwA(a,e)
_— | = 1 2 2.27
D606 |, ~ Osi0s, 0 @D T(E2) 22D
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Unlike the one-dimensional cubic Hermite case a condition must be placed on this transfor-

mation in order to maintain C continuity across element boundaries.

Consider the line between global nodes 1 and 2 in the two bicubic Hermite elements shown

in Figure 2.11.

£1

FIGURE 2.11: Two bicubic Hermite elements (denoted by 7 and 2). The global node numbers
are given in boldface, the local node numbers in normal text and the element scale factors used
along each line are denoted by S (1).

For C'! continuity, as opposed to GG! continuity, between these elements the derivative with

oz (&)

96
along the boundary between elements 7 and 2 is

respect to &, that is , must be continuous'. The formula for this derivative in element 1

ox (1,&) oz ) oz 1 O*x ) *x

“on Uy (&2) 96, + U5 (&2) 7€, 4+‘I’1 (&2) 96,05, 2+‘I’1 (&2) 96,06, (2.28)
and for element 2 is

0x (0,&) oz ) oz L Oz ) 0Pz

o8 U (&2) 26|, + U5 (&) 7€, 3+‘I’1 (&2) 96,06, + Ui (&) 96,06, (2.29)

"For C! continuity the normals either side of an element boundary must be in the same direction and have the
same magnitude. For G! continuity the normals must only have the same direction.
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Now substituting Equations (2.26) and (2.27) into the above equations yields for element 1

4
L8 g (6) S5(2)+ W (6) 55 () +
1 P D (230
W (6) 5 (2) 5 () + W (&) o r 8 (5) 5 (4)
and for element 2
1 3
2108 w6 25 (3) + w3 6) 225 (6) +
2 85;1 o _— (2.31)
V(&) S (3) 5 () + () s (6)5 (4)

Now local node 2 in element / and local node 1 in element 2 is the same as global node
1 and local node 4 in element / and local node 3 in element 2 is the same as global node 2

Hence for a given &, the condition for C! continuity across the element boundary is

W (&) S8 (2) + W (6) 58 (5) + W (&) 55 (2) S (4)
) oS ()5 (4) = W (&) S (4) + W (&) 5 6
() 22 LI € g 550 32

051059 051059

or

5= 50) (o) 5o+ ¥ (@) s W) -

8:32 0 x?

S0 -56) (B6) G + @) 5 55@) @3

Now by choosing the scale factors to be equal on either side of node 1 and 2 (i.e., S (2) =
S(3)=8(1)and S (5) = S (6) = §(2)), that is nodal based scale factors, Equation (2.33) is
satisfied for any choice of the scale factors. Hence nodal scale factors are a sufficient condition
to ensure C'! continuity. If it is desired that the scale factors be different either side of the node

then Equation (2.33) must be satisfied to ensure continuity.
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The choice of the scale factors again determines the £ to s spacing. We have a number of
choices for the scale factor depending on whether or not the £ to s spacing should favour bigger
or smaller elements. One choice which equally favours both elements either side of the node
is for the scale factors to be chosen to be nodally based and equal to the average arc-length on

either side of the node for each £ direction i.e., for the ™ direction

s1 (A (D) + 51 (As (1))
2

S (Al = (2.34)
where S (A, 1) is the nodal scale factor in the I™ ¢ direction at global node A, A, (1) is the ele-
ment immediately preceding (in the I direction) node A, and A, (1) is the element immediately
after (in the [™ direction) node A and s; (e) is the arc-length in the [ ¢ direction from node A
in element e. This type of scaling is known as arithmetic mean arc-length scaling.

Other means can be used i.e., geometric mean arc-length scaling

S(A D) = /51 (As (1) st (Ag (1)) (2.35)
or harmonic mean arc-length scaling

S - S W) s (Ao (1) 036

Other possible scalings include minimum arc-length scaling
S (A1) = min (s (As (1)), st (Ag (1)) (2.37)
and maximum arc-length scaling
S (A1) = max (s; (A (1)), 51 (Ae (1)) (2.38)

and Root Mean Squared (RMS) arc-length scaling

S(Al) = \/Sl L Sl (2.39)

2

To investigate the effect of different types of scaling consider the following test problem.
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Consider a fuction u () = A cosx in a one-dimension domain from x € [0, L]. The domain is
modelled with a mesh consisting of three cubic Hermite elements. The first of the four nodes
is located at x = 0, the second at z = a, the third at x = b and the final node at + = L. The
analytic first derivative would be v (z) = — A sin z and the analytic second derivative would be
u" (x) = —Acos z. The nodal values and derivatives are set to their analytic values.

As a specific example of this test problem let us first consider unevenly spaced elements
with L = 27, A = 2, a = 1.5 and b = 3.5 is given in Figure 2.12 for the function, Figure 2.13
for the first derivative and Figure 2.14 for the second derivative. Note that the first derivative is

discontinuous at element boundaries for arc-length scaling.

Analytic
Arc length ———
Minimum

Harmonic mean

Geometric mean

Arithmetic mean

Root Mean Square

Maximum

FIGURE 2.12: Function scaling for uneven element spacing.

Now consider this problem with evenly spaced elements i.e., with @ = 2% and b = <. The
interpolations are given in Figure 2.15 for the function, Figure 2.16 for the first derivative and
Figure 2.17 for the second derivative. Note that the value of the function and the first derivative
is continuous at element boundaries for all scaling types.

Let us now consider the influence of scaling type on geometric variables which require

normalised arc-length derivatives. For this problem let us consider modelling a circle with three
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Analytic

Minimum
Harmonic mean

—4 Geometric mean
Arithmetic mean ———
Root Mean Square ——
Maximum ———
—6 | : | | 1 | | |
0 1 2 3 4 5 6
x
FIGURE 2.13: First derivative scaling for uneven element spacing.
20 [ : i T
Analytic ———
! Arclength ———
15 F Minimum

Harmonic mean
Geometric mean
Arithmetic mean
Root Mean Square
Maximum

FIGURE 2.14: Second derivative scaling for uneven element spacing.

Arc length ———
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2
1.5
1
0.5
O T
—0.5
Analytic
1k Arclength —— |
Minimum
Harmonic mean
15 b Geometric mean |
- Arithmetic mean ———
Root Mean Square ———
Maximum ——
-2 : : —
| [ | | ! | |
0 1 2 3 4 5 6
T
FIGURE 2.15: Function scaling for even element spacing.
6 — —
4

Analytic
Arc length ———
Minimum

Harmonic mean
Geometric mean
Arithmetic mean ———

Root Mean Square ———

Maximum ——

-6 L | L | L | [
0 1 2 3 4 5 6

FIGURE 2.16: First derivative scaling for even element spacing.
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20 r 1 1 | 7
: : Analytic ———

! : Arc length ———
15 F 3 3 Minimum -
1 1 Harmonic mean

' ' Geometric mean
10 Arithmetic mean
: Root Mean Square

Maximum

_20 = L L L L L L =

FIGURE 2.17: Second derivative scaling for even element spacing.

cubic Hermite elements. The analytic description is given by z () = Acosf and y (0) =

Ox (0 oy (0 0z (0
Asin 6. And the derivatives are given by 9u(6) _ _ sinf, 22 ©) _ cosf, (2 ) __ cos ¢
52y (6) 0s 0s s
and 77 = — sin . The analytic value of the arc-length for an element is given by s = AA6

0s?
where A6 is the angle subtended by the element.

First let us consider unevenly spaced elements with A = 2, @ = 1.5 and b = 3.5. The nodal
positions and derivatives are set to their analytic values and the element arc-lengths are set to
their analytic value. The interpolation is given in Figure 2.18 for the function, Figure 2.19 for
the first derivative and Figure 2.20 for the second derivative. Note that the first derivative is

discontinuous at element boundaries for arc-length scaling.

Now consider this problem with evenly spaced elements i.e., with @ = 2% and b = <. The
interpolations are given in Figure 2.21 for the function, Figure 2.22 for the first derivative and
Figure 2.23 for the second derivative. Note that the value of the function and the first derivative

is continuous at element boundaries for all scaling types.
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Analytic ———
9 L | Arclength ———
Minimum
Harmonic mean
1.5 - Geometric mean
Arithmetic mean ———
Root Mean Square ———
1r 7 Maximum ——
0.5 |
> 0 F R
—0.5 *
1 |
—15 r *
72 = -
| | | | | | | | |

-2 =15 -1 =05 0 05 1 1.5 2

xT

FIGURE 2.18: Geometric circle scaling for uneven element spacing.

6 H Analytic ———
Arclength ———
Minimum
Harmonic mean
4 + E Geometric mean
Arithmetic mean ———
Root Mean Square ———
Maximum ——
2 | -
> 0 F B
_9 L _
4 + _
—6 O | | | | | I
—6 —4 —2 2 4 6
T

FIGURE 2.19: Geometric circle first derivative scaling for uneven element spacing.
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20 F § Analytic ——

Arclength ———
Minimum
Harmonic mean
Geometric mean
Arithmetic mean ————
Root Mean Square ———
Maximum ——

—15 -

—90 Lk | | | | | | | 4
-20 —-15 —-10 =5 0 5 10 15 20

FIGURE 2.20: Geometric circle second derivative scaling for uneven element spacing.

Analytic ———
9 L | Arclength ———
Minimum
Harmonic mean
1.5 - Geometric mean
Arithmetic mean ————
Root Mean Square ———
1r 7 Maximum ——
0.5 |
> 0 r B
—-0.5 *
-1 + |
—1.5 r *
9 L |
| | | | | | | | |

FIGURE 2.21: Geometric circle scaling for even element spacing.
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6 0 Y Analytic ———
Arclength ———
Minimum
Harmonic mean
4 E Geometric mean
Arithmetic mean ———
Root Mean Square ———
Maximum ——
2 -
> 0 -
72 -
4 .
—6 b | | | | | ui
—6 —4 —2 2 4 6
T

FIGURE 2.22: Geometric circle first derivative scaling for even element spacing.

20 F B

Analytic ———
Arclength ———
Minimum
15 r 7 Harmonic mean
Geometric mean
Arithmetic mean ———
10 | 7 Root Mean Square ———
Maximum ——
5 | -
b
_5 F _
—10 F _
_15 F _
_20 e | | | | | | | |
-20 —-15 —10 -5 0 5 10 15 20
T

FIGURE 2.23: Geometric circle second derivative scaling for even element spacing.
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Hermite-sector elements

One problem that arises when using quadrilateral elements (such as bicubic Hermite elements)
to describe a surface is that it is impossible to ’close the surface’ in three-dimensions whilst
maintaining consistent &; and &, directions throughout the mesh. This is important as C'* conti-
nuity requires either consistent £ directions or a transformation at each node to take into account
the inconsistent directions (?).

One solution to this problem is to collapse a bicubic Hermite element. This entails placing
one of the four local nodes of the element at the same geometric location as another local node
of the element and results in a triangular element from which it is possible to close the surface.
There are two main problems with this solution. The first is that one of the two £ directions at
the collapsed node is undefined. The second is that the distance between the two nodes at the
same location is zero. Numerical problems can result from this zero distance. An alternative
strategy has been developed in which special elements, called “Hermite-sector” elements, are
used to close a bicubic Hermite surface in three-dimensions. There are two types of elements
depending on whether the £ (or s) directions come together at local node one or local node three.

These two elements are shown in Figure 2.24.

S1
/\
2 3 3
S\V/Q S/a\z
. 1%
S1

(a) (b)

FIGURE 2.24: Hermite-sector elements. (a) Apex node one element. (b) Apex node three
element.

From Figure 2.24 it can be seen that the s, direction is not unique at the apex nodes. This
gives us two choices for the interpolation within the element: ignore the s, derivative when

interpolating or set the s, derivative identically to zero.
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Ignore s, apex derivative: For this case it can be seen from Figure 2.24 that the interpola-
tion in the &; direction is just the standard cubic Hermite interpolation. The interpolation in the
&5 direction is now a little different in that the nodal arc-length derivative has been dropped as
it is no longer defined at the apex node. For an apex node one element shown in Figure 2.24(a)

the interpolation for the line between local node one and local node n is now quadratic and is

given by
x (&) =G () x' + G (&) &" + G (&) S—Z (2.40)
with the basis functions given by
GE)=(-1)7
(2 () =26 ¢ (2.41)

For the apex node three element shown in Figure 2.24(b) the interpolation for the line con-

necting local node n with local node three is given by

T (&) =m (&) + 12 (&) 2" + 3 (&) S—Z (2.42)
with the basis functions given by
m(§) =&
m(E)=1-¢ (2.43)
n3(§) =& — 52

The full interpolation formula for the sector element can then be found by taking the tensor
product of the interpolation in the &; direction, given in Equation (2.13), with the interpolation
in the &, direction (given by either Equations (2.40) or (2.42)). The interpolation formula can be
converted from nodal ¢ derivatives to nodal arc-length derivatives using the procedure outlined

for the bicubic Hermite case. For example, the interpolation formulae for an apex node one
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element is

x(6,8) =G (&)x' + 10 (&) G (&) x> + V) (&) & (&)=

ox3

8 2
Ul (6) G (&) 8—:;8 (2.1)+ V3 (6) G (&) 58 (3.1) +
2 3

Y (&) G5 (&) 8& S(2,2) + ¥ (&) G (&) 8—3 (3,2) +

822 823

(&) G (52) S(2,1)8(2,2) + V3 (&) G (&)

$(3,1)8(3,2)

1882 81882

(2.44)

Care must be taken when using Hermite-sector elements for rapidly changing surfaces. Con-
sider an apex node one element with undefined s, apex derivatives. The rate of change of « with

respect to &; along the line from node one to node three (i.e., & = 1) is

oz (1, ox? 0?x?
PrL&) _ (o) Esen+a S TL 5(3.1)8(3.2)
0& 0s1 0510589
5 (2.45)
~50.0) (Ca-9 5 + (@ -6) 5o 562)
Taking the dot product of ————— Oz (1,6) with 8& gives
651 0sq
ox (1,&) 0x® o Ox? &v x> 0x?
851 881 - S (37 1) (252 52) 68 (§2 52) ( ) 881882 881
(2.46)
ox® Ox3
The normality constraint for arc-length derivatives means that — D51 el T 1 and thus
1

the right hand side of Equation (2.46) divided by S (3,1) (i.e., nonnahsed by S (3,1)) is the

quadratic
32 3 8.’133
881882 8—81
x®  Ox3 ’x?  Ox?
2 2
(S <3’ ) 881882 881 ) 52 < S <3’ ) 881882 881 ) 52

This quadratic is 1 at &, = 1 and always has a root at {; = 0. Consider the case of this

(26— &) + (& — &) S(3,2)

or

quadratic having its second root in the interval (0, 1). This would mean that at some point in the
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oz (1,&) ox?

and would go from zero to negative and then

651 0s1
oz (1 ox?
positive as &, changed from 0 to 1 i.e., the angle between T é 5’ &) and (‘;B would, at some
1 S1
stage, be greater than ninety degrees. As the direction of the normal to the surface along the line
02 (L&)  O(LE)

9 98

if the quadratic became sufficiently negative, the normal to the surface could reverse direction

interval (0, 1) the dot product of

between local node one and three is given by the cross product of

from an outward to an inward normal as & changed from 0 to 1. This is clearly undesirable.
In fact even if the quadratic is only slightly negative the resulting surface would be grossly

deformed.

To avoid these effects the second root of the quadratic must be outside the interval (0, 1).

From the quadratic formula the conditions for this are

0’x®  Ox3

2 L
S (3’ ) 881882 881
23 3 <0 (2.47)
S@2) 2L 0
’ 881882 881
and 2y 5
S(3,2) 2L T
881882 881
2.3 3 >1 (2.48)
S(3,2) 0% 02
’ 881882 881
that is (for the line from local node one to local node n)
2 ,.n n 2
Oa” Oz (2.49)

051055 051 S (m,2)

The simplest way to interpret this constraint is that if the element is large (i.e., S (n,2) is
Pz Ox"

881682 . 881

the magnitude of the components of

large) then

must be small. The simplest way for this to happen is to ensure

2 .n

881882

are small (or of opposite sign to the comparable

€T
881 )

The equivalent interpolation formula to Equation (2.44) for an apex node three Hermite-

components of
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sector element is

x(&1,6) = V) (&) m (&) &' + WY (&) n2 (&) &® +m (&)

1

U1 (&) me (&) 8—3 (1,1) + W3 (&) 12 (&2) gi S(2,1)+
Y (&1) s (&2) —1 S(1,2) + W5 (&) n3 (&) 8—25 (2,2)+
82 1 62 2

Ui (&) ms (52)

S (17 1) S (17 2) + \Ij (51) 13 (§2)

S(2,1)8(2,2)

882 a52

(2.50)

and the equivalent constraint for apex node three Hermite-sector elements (for the line from

local node n to local node three) is

o’z Ox" - -2
681682 681 S (n, 2)

2.51)

Zero s, apex derivative: For this case the sector basis functions are just the cubic Hermite
basis functions. The corresponding interpolation formulae for an apex node one element is

hence

T (&,&) = V) (&) &' + U (&) ) (&) 2® + W) (&) U9 (&) 2°+

Ox? ox?
W} (60) U9 (€2) 5= (2.1) + T3 (&) W (§2) 53— (3, 1)+
o o
U (&1) Uy (&) =— D5y S(2,2) + V5 (&) U, (52) D9 S(3,2)+
82 2 ? 82 3
Uy (&) (52) 0 ———8(2,1)8(2,2) + ¥y (&1) V5 (&) S(3,1)8(3,2)
51082 051059
(2.52)
and the condition to avoid reversal of the normal is
2 N n
0“x ox 3 (2.53)

051055 051 S (m,2)
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and for the apex node three element the interpolation formula is

@ (&1, 6) = W0 (&) U (&) x' + U5 (&) U) (&) 2 + ) (&) 2°+

O 1 O 2
W) WY (&) 58 (1,1) + W3 (6) U9 (&) -8 (1) +
8 1 8 2
W) (€)W (&) 58 (1.2) + W (6) W} (&) -8 (2.2) +
82 1 82 2
W) W (@) oS (L) S (1,2) + 0 (6) U] (&) 558 (2,1) 5 (2,2)
(2.54)
with a condition of P Hgn 5
Zr Zr -
(2.55)

: >
0s10sy  0s; S (n,2)
Although the Hermite-sector basis function in which the s, apex node derivatives are iden-
tically zero have an increased limit on the cross-derivative constraints (a right hand side numer-
ator of 3 instead of +2) they have the problem that as all derivatives vanish at the apex any
interpolated function has a zero Hessian at the apex. As this can cause numerical problems the

Hermite-sector basis functions which have an undefined s, derivative are prefered.

2.3.3 Simplex Basis Functions

Simplex basis function and its derivatives are evaluated with respect to external £ coordinates.

For Simplex line elements there are two area coordinates which are a function of &; i.e.,

Li=1-§ (2.56)
Ly=& —1 (2.57)

The derivatives wrt to external coordinates are then given by

ON ON B ON

o0&, 0Ly, 0l

N N O*N O*N
2~ 5~ 2 + 2

0& oL, 0L10Ls 0L,

(2.58)

(2.59)
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For Simplex triangle elements there are three area coordinates which are a function of &;

and & i.e.,
Li=1-§& (2.60)
Ly=& +&—1 (2.62)

The derivatives wrt to external coordinates are then given by

ON ON ON

9 9Ls 0L, (2.63)
gg B SJL\; N SJL\; (2.64)
2 2 9 )

g&? B SL]:; N 2621]8\;3 + SLZ (2.65)
2 2 9 5

g&? - SL]; B 282218\;3 + SLZ (2.66)

PN B PN PN PN 2N e

06,06 9L 0L,0Ls  0L,0Ls |« 0L,0L,

For Simplex tetrahedral elements there are four area coordinates which are a function of &,
§2 and 53 ie.,

Li=1-§ (2.68)
Ly=1—& (2.69)
Ly=1—& (2.70)

Ly=&§+&+8§—2 (2.71)
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The derivatives wrt to external coordinates are then given by

ON ON 0N
06, 0L, 0L,
ON ON 0N
9, 0Ly 0L,
ON 0N 90N
0¢s  OL, 0OLs
PN  0°N PN N
2 — 5 — 2 + 2
851 8L1 aLlaLél 8L4
PN  0°N PN N
2 = 5 — 2 + 2
0¢,% 0L, OL,0L, ' 0L,
PN 9N PN N
967 OLs:  OLs0L: | oLy
PN PN PN PN PN
06,06 OL,2 OL10Ly; OL,0Ly L0,
PN  »#N PN PN PN
06,065 OL,> OL0Ly OL30Ly oL,
PN PN PN PN PN
06,06 0L 0Ly0L;  9Ls0Ls | 9L,0Ls
PN PN PN PN BN
06,106,065 OL3  OL,OL:  OL,0L?  OL30L3
BN BN BN BN

_|_

OL,0Ly0L, | OL.0Ls0Ls |« 0Ly0Ls0L;  0L10L90Ls

3

1 2

FIGURE 2.25: Linear triangle local node ordering.

37

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)
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1 4 2

FIGURE 2.26: Quadratic triangle local node ordering.

1 4 5 2

FIGURE 2.27: Cubic triangle local node ordering.

1

2

FIGURE 2.28: Linear tetrahedron local node ordering.
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10

2

FIGURE 2.29: Qudadratic tetrahedron local node ordering.

FIGURE 2.30: Cubic tetrahedron local node ordering.
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2.3.4 General linear map

From the definition of Christoffel symbols

9%z oxP

ogi0er — M ggm

le., A
_ ol o

T 9gkogl Ol

7

or in vector form
i 8252 i

(2.83)

(2.84)

(2.85)



Chapter 3

Differential Geometry

3.1 Introduction

3.2 Topology

The topology of a space specifies the connectedness, continuity, compactness, and other prop-
erties that can be defined on the space of specified dimension. It brings in the concept of open

neighbourhoods of points. Types of topology include

1. Discrete (OD) topology, D.
2. Real topology, R".

3. Spherical topology, S™.

3.3 Manifold

A manifold 907 is a topological space (i.e., a set of points with a specified topology) of a fixed
dimension n in which every point is homeomorphic to R” i.e., they admit a coordinate system
that is locally Euclidean. For FieldML purposes we need to relax this last restriction because
we wish to allow branching structures, but we will still refer to this as a manifold the neigh-

bourhoods of points at the branch do not admit a coordinate system that is locally Euclidean.

41
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3.4 Vectors and Covectors

To motivate this section consider standing on a hill. Now, consider two vectors that can be
applied. If we move around the hill at constant height we can talk about our velocity vector
around the hill. We can also talk about moving down the slope of the hill. The gradient vector
would give the steepest direction down the hill. If both these vectors had a unit magnitude in
what ever units of measurement we are using we might consider these vectors to be similar
(apart from the obvious difference in direction). Now consider a change of units e.g., from m
to cm. If our velocity was prevoiusly 1 m s~ then it would be now 100 cm s~!. However, our
gradient vector that was previously 1 m~! would become 0.01 cm~!. If these two “vectors”
are really so similar why do the transform differently under a change of units/coordinates? The
reason is that these two “vectors” are not actually that similar at all. Indeed, one of them is not

a vector at all but rather it is a covector.

3.5 Differential geometry of manifolds

3.5.1 Connections

3.5.2 Covariant Differentiation

A covariant derivative is a derivative along a tangent vector of a manifold. It is a generalisation
of a directional derivative to manifolds. It is a derivative that under a coordinate transforms
covariantly i.e., linearly with the Jacobian. A covariant derivative is equivalent to the idea of a

connection. For a connection V and a vector field X then V x is the covariant derivative.

The covariant derivative of a (r, s) tensor is an (r, s + 1) tensor defined by
VxY =Vx(X') =Y (X') e; + X'Vye, (3.1

The covariant derivative has the following properties
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Double covariant differentiation

For an (r, s) tensor field, 7', the double covariant derivative is
V2T = VVT (3.2)
which is an (r, s + 2) tensor field. It is defined by

ViyT =VxVyT = Vy T (3.3)

3.6 Tensor Analysis

3.6.1 Base vectors

Now, if we have a vector, v we can write
v =10'g, (3.4)

where v" are the components of the contravariant vector, and g, are the covariant base vectors.

Similarly, the vector v can also be written as
v = ;g 3.5

where v; are the components of the covariant vector, and g are the contravariant base vectors.
We now note that
v =10'g; = v'\/9u4; (3.6)

where v",/g;; are the physical components of the vector and g, are the unit vectors given by

(3.7
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3.6.2 Metric Tensors

Metric tensors are the inner product of base vectors. If g, are the covariant base vectors then the

covariant metric tensor is given by

9i5 = 9; " 9, (3.8)

Similarily if g* are the contravariant base vectors then the contravariant metric tensor is
given by
9'=g"9g (3.9)
We can also form a mixed metric tensor from the dot product of a contravariant and a co-
variant base vector i.e.,
95=9""9; (3.10)
and
9 =99 3.11)

[152)

Note that for mixed tensors the . indicates the order of the index i.e., gfj indicates that the
first index is contravariant and the second index is covariant whereas g7 indicates that the first
index is covariant and the second index is contravariant.

If the base vectors are all mutually orthogonal and constant then g; = g* and g;; = g".

The metric tensors generalise (Euclidean) distance i.e.,
ds® = gijd:cid:cj (3.12)

Raising and lowering indices

Note that multiplying by the covariant metric tensor lowers indices i.e.,

A= gijAj
. ) ) (3.13)
Aij = giegnA” = giA;" = ginA
and that multiplying by the contravariant metric tensor raises indices i.e.,
A'=gA;
g (3.14)

Aij _ gikglekl _ gzkAkj _ gjkAzk
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and for the mixed tensors

A7 = g" Ay = gy AV
o (3.15)
(2 (2 (2
Ay =g Ay = gipA
We can denote a tensor in which all indicies have been raised as a sharp tensor, Af, and
one in which all indicies have been lowered as a flat tensor, A®. This is known as musical

isomorphism i.e., isomorphism between the tangent and cotangent bundles of a manifold, 9.
LT — TN (3.16)

and
CLTM — T (3.17)

Induced metric

An induced metric is the metric tensor induced on a submanifold that has been embedded into
a larger manifold with a metric. If £ are the coordinates in the submanifold and x (&) are the
functions which embedded the submanifold into a larger manifold then the induced metric is

given by
oxt Ox¥

o = g o

where a, b are the coordinate indices in the submanifold, x, v are the coordinate indices in the

(3.18)

larger manifold, g,,, are the components of the metric tensor in the larger manifold and g, are

the components of the induced metric in the submanifold.

3.6.3 Transformations

The transformation rules for tensors in going from a v coordinate system to a & coordinate
system are as follows:
For a covariant vector (a rank (0,1) tensor)
ov®

a; = 8—§iaa (3.19)
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For a contravariant vector (a rank (1,0) tensor)

~7 85@ a
a

B 8V“a

For a covariant tensor (a rank (0,2) tensor)

o P
] — - —.Aa
iJ 8£Z 8§J b

For a contravariant tensor (a rank (2,0) tensor)

o,
ij _ Z5 Y5 pa
A 81/“61/”A

and for Mixed tensors (rank (1,1) tensors)

AT agz ayb a
i= e
and 9 8@
".‘j _ v —A'b
t oct gvb ¢

3.6.4 Derivatives
Scalars

We note that a scalar quantity « (§) has derivatives

ou
—

ogt
Or more formally, the covariant derivative (-,.) of a rank O tensor u is

= 95 =

Uy X

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

In more formal mathematical notation consider f as a map between the manifolds 9t and 91
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ie.,

f:oMmM—=M (3.27)
then, at the point u, the derivative can be thought of as

Dof : TN = TN (3.28)

i.e., the derivative operator takes a vector v € 7,9t and maps it to another vector w € Ty(,).

Second derivatives. The second derivative or Hessian operator is defined as

i.e., the hessian operator takes the first input as a vector v € 7,90 as the base direction you are
moving in and a second input as a vector w € 79w as the direction you are varying in.

The definition of the covariant Hessian is

Diyf =X (1) = VxY (/) (3.30)
or in component notation
0*f of ’ ,
2f = — Tk L i J
D*f <8xi8xj L' (%c’f) dz' ® dz (3.31)

Vectors

The derivatives of a vector v are given by

ov 0

oe ~ og "9
_ ot £ 99, (3.32)
= a—gigk +v o

k k
=V"ig, TV Gy,

Now introducing the notation
g,

Ean (3.33)

F;lk:gi.
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where ', are the Christoffel symbols of the second kind.

Note that the Christoffel symbols of the first kind are given by

0g.;
Lijk =g, - 8—33’]9 (3.34)
Note that
Fi=9""9;,
= Fi‘zg.iz

J

The Christoffel symbols of the first kind are also given by

1 (0gij | Ogik  Ogjp
rljk_2<8§k R (3.36)

and that Christoffel symbols of the second kind are given by

I =9 Ty
_ 1 5 (99 n g Ogjk (3.37)
2 ock 0 Ol

Note that Christoffel symbols are not tensors and the have the following transformation laws

from v to & coordinates

vt Ove dv° ove 9*v°
Lije = F“bca—gjagk 8—8 + gaba—fiW (3.38)
, Ot ove agt 9o (339)

i —pa 9 OV OV .
= Lo oek ogi  Bue ogioek
(3.40)
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We can now write (BELOW SEEMS WRONG - CHECK)

v; = vk,z’gk + Ffjngj
= Uk,igk =+ ngvkgk
= (Ukvi + ngvk) i

k
= UVigy

where v* ; is the covariant derivative of v* .
k

The covariant derivative of a contravariant (rank (0,1)) tensor v" is
vk;i = vkvi + I’fjvj
and the covariant derivative of a covariant tensor (rank (1,0)) vy is
Vksi = Uk — Dhv;
Tensors
The covariant derivative of a contravariant (rank (0,2)) tensor W™ is
Wt =W 4 W 4 DLW
and the covariant derivative of a covariant (rank (2,0)) tensor W,,,,, is
Wmn;i = Wmn,i - Fiu‘an - Fiinj

and the covariant derivative of a mixed (rank (1,1)) tensor W is

WZLZ = WZLz + F;rzLW]n - FiZW;”

3.6.5 Common Operators

49

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

For tensor equations to hold in any coordinate system the equations must involve tensor quanti-

ties i.e., covariant derivatives rather than partial derivatives.
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Gradient

As the covariant derivative of a scalar is just the partial derivative the gradient of a scalar func-

tion ¢ using covariant derivatives is
gradd = Vo = ¢,9' = ¢,g'
and

Vo = <Z5,z'gi = ¢,z‘gijgj

Divergence

The divergence of a vector using covariant derivatives is

dive=V-¢=d', = J—l‘a(mw)

where ¢ is the determinant of the covariant metric tensor g;;.

32

Curl

The curl of a vector using covariant derivatives is
lp =V x ¢ L (gb 10) )
curl @ = = L — i) g
V9 . 7)ok

where ¢ is the determinant of the covariant metric tensor g;;.

Laplacian

The Laplacian of a scalar using covariant derivatives is
1
V9

where g is the determinant of the covariant metric tensor g;;.

V3¢ = div (grad¢) = V - Vo = ¢[: = (\/ggij(b,j),i

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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The Laplacian of a vector using covariant derivatives is
V2¢ = grad (div ¢) — curl (curl ¢) == ¢’

The Laplacian of a contravariant (rank (0,1)) tensor ¢ is

y h dg"TE
v2¢: <v2¢k _2g2JFK a¢ +¢h g Zj) ek:

IH Hyi ozh

and the covariant derivative of a covariant tensor (rank (1,0)) ¢, is

O Orn.
iyTh )
Vi (Wsk 2GS 4 g = ) e

3.6.6 Coordinate Systems
Rectangular Cartesian

The base vectors with respect to the global coordinate system are
g
g9i= |12
i3
The covariant metric tensor is

gij =

and the contravariant metric tensor is

—_
— O

g7 =

The Christoffel symbols of the second kind are all zero.

51

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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Cylindrical Polar

The global coordinates (x,y, z) with respect to the cylindrical polar coordinates (7,0, z) are
defined by

T = 1rcosb r>0
y=rsind 0<0<2r (3.58)
z2=2z — 00 < 2 <00

The base vectors with respect to the global coordinate system are

cos 01 + sin 0,
g; = | —rsinfi; + rcos iy (3.59)

i3

The covariant metric tensor is

1 0 0
gi; = |0 r?2 0 (3.60)
0 0 1
and the contravariant metric tensor is
0
g7=10 % (3.61)
0
The Christoffell symbols of the second kind are
[y =—r (3.62)
1
Ty = T4, = — (3.63)

with all other Christoffell symbols zero.
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Spherical Polar

53

The global coordinates (x,y, z) with respect to the cylindrical polar coordinates (r, 0, ¢) are

defined by
x =rcosfsing r>0

y = rsinfsin ¢ 0<60<2r
Z =1TCcos ¢ 0<o¢op<m

The base vectors with respect to the spherical polar coordinate system are

cos 0sin ¢#1 + sin 0 sin pz9 + cos i3
—rsin 6sin ¢t1 + r cos 6 sin @iy

g; =
7 cos 6 cos ¢ty + rsin 6 cos ¢ty — 1 sin ¢ig

The covariant metric tensor is

1 0 0
gij = |0 r%sin’¢ 0
0 0 r?

and the contravariant metric tensor is

—
T o o

(3.64)

(3.65)

(3.66)

(3.67)
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The Christoffell symbols of the second kind are

Iy, = —rsin’¢ (3.68)

I, =-—r (3.69)

1"?9 = —sin¢cos ¢ (3.70)
1

=T == 3.71)
1

re, =T% = . (3.72)

[, =T% =cot ¢ (3.73)

with all other Christoffel symbols zero.

Prolate Spheroidal

The global coordinates (x,y, z) with respect to the prolate spheroidal coordinates (A, y, 0) are

defined by
x = asinh Asin p cos 6 A>0

y = asinh Asin g sin 0 0<u<m (3.74)

z = acosh A cos 0<6<2r

where a > 0 is the focus.

The base vectors with respect to the global coordinate system are

a cosh A sin 1 cos 021 + a cosh A sin p sin 025 + a sinh A cos uts
g; = |asinh A cos pcos 621 + asinh A cos psin 0t9 — a cosh Asin peg (3.75)

—asinh Asin g sin 021 + a sinh A sin p cos 024

The covariant metric tensor is

a’ (sinh2 A + sin? ,u) 0 0
gij = 0 a? (sinh® A + sin? p1) 0 (3.76)
0 0 a? sinh? A sin? p
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and the contravariant metric tensor is

1

a? (sinh2 A+sin? ,u)

g7 = 0
0

0

1
a? (sinh2 A+sin? u)

0

The Christoffell symbols of the second kind are

A
F)\)\_

with all other Christoffel symbols zero.

sinh A cosh A
sinh? \ + sin? p
—sinh A cosh A

 sinh? A 4 sin®
~ —sinh Acosh A sin? p

0
0

1
a? sinh? Asin? p

sinh? \ + sin ju
sin [t cos [t

 sinh? A 4 sin®

sin pt cos

 sinh? \ + sin? I

— sin L cos

sinh? \ + sin? p

— sinh? A sin j cos p

sinh? \ + sin? p
sinh A cosh A

 sinh? A 4 sin®

cosh \

sinh A
COS [4

sin p

55

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)
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Oblate Spheroidal

The global coordinates (x,y, z) with respect to the oblate spheroidal coordinates (A, 1, 0) are
defined by

x = a cosh A\ cos p1 cos 6 A>0
y = a cosh A cos pusin _TW <p< g (3.89)
2z = asinh Asin p 0<6<2r
where a > 0 is the focus.
The base vectors with respect to the global coordinate system are
a sinh A cos p1 cos 021 + asinh A cos p sin 025 + a cosh A sin ptg
g; = | —acosh \sin p cos 011 — a cosh A sin psin 025 + a sinh \ cos s (3.90)
—a cosh A cos psin 021 + a cosh A cos p cos 01
The covariant metric tensor is
a? (sinh® A + sin? p1) 0 0
9ij = 0 a’ (sinh2 A + sin? ,u) 0 (3.91)
0 0 a? cosh? X cos? 1
and the contravariant metric tensor is
1
a? (sinh2 A+sin? u) 0 0
ij _ 1
9= 0 a? (sinh2 A+sin? ,u) 0 (392)
0 0 1

a2 cosh? X cos2
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The Christoffell symbols of the second kind are

N sinh A cosh A

== 2
sinh® \ 4 sin”

A —sinh A cosh A
I, = - 2 )

P ginh® A + sin® p
o~ sinh A cosh A cos? i

%" sinh?® A + sin® W
o sin fi cos

M inh? A + sin? 14
e Si;l 7 cos‘ Mz

P ginh® A + sin® p
e~ sin f4 cos p

M sinh? A + sin? I
e cosh? \sin p1 cos p

0o sinh? \ + sin? p

i sinh A\ cosh A
Dn = =73 2

B2 sinh” A + sin” p
o _ sinh A

%27 cosh A

—sin p

ry, =

O COS 1

with all other Christoffel symbols zero.

Cylindrical parabolic

57

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)
(3.102)

(3.103)

The global coordinates (x, y, z) with respect to the cylindrical parabolic coordinates (£, 7, z) are

defined by

y:

DO | =

r=En
(€% —n’)
Z =z

—00< <0
n>0

—0 <2z <0

(3.104)
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The base vectors with respect to the global coordinate system are

Nty + &g
g, = | &y — nis (3.105)

13

The covariant metric tensor is

£+ n? 0 0
Gij = 0 E+n? 0 (3.106)
0 0 1

and the contravariant metric tensor is

1
e 00
gY = 0 ﬁ 0 (3.107)
0 0 1

The Christoffell symbols of the second kind are

e &
e (3.108)
n
-1
e _ —§
T = (3.111)
¢ _pe "N
re, =T = R (3.112)
§
(3.114)

with all other Christoffel symbols zero.
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Parabolic polar

The global coordinates (z, y, z) with respect to the cylindrical parabolic coordinates (&, 77, 6) are

defined by
x =¢E&ncosh £E>0

y=4¢&nsingd  n>0 (3.115)
1
zzé(ghn?) 0<6<2nm

The base vectors with respect to the global coordinate system are

ncos 6ty + nsin Otz + i3
g; = | &cosbiy + Esinbiy — nig (3.116)
—&nsin Bty + En cos Oy

The covariant metric tensor is

£+ n? 0 0
9ij = 0 E+n 0 (3.117)
0 0 &n

and the contravariant metric tensor is

1
e 00
97=1 0 g 0 (3.118)
1
o 0 £
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The Christoffell symbols of the second kind are

Pge =
Lon =
T =
Fee =

e =

ng =
an - Pf?& -
an - FZ£ -
Ty = Tge =

0 _ 10 _
oo =T, =

with all other Christoffel symbols zero.

3.7 Curves

§
&+
U
&+
<
&+
—1
&+
—&*n
&+
—&’
&+’
_n
& +n?

(3.119)

(3.120)
3.121)
(3.122)
(3.123)
(3.124)
(3.125)
(3.126)
(3.127)

(3.128)

(3.129)



3.7. CURVES

FIGURE 3.1: A parametised curve in space. The position, r (§) is given in terms of the curve
parameter €. t is the tangent vector to the curve and n is the normal vector to the curve.
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Chapter 4

Theory

4.1 Tensor Analysis

4.1.1 Base vectors

Now, if we have a vector, v we can write
v=1'g, 4.1)

where v are the components of the contravariant vector, and g, are the covariant base vectors.

Similarly, the vector v can also be written as
v =109 (4.2)

where v; are the components of the covariant vector, and g° are the contravariant base vectors.

We now note that
v =g, = v'\/9u4; 4.3)

where v",/g;; are the physical components of the vector and g, are the unit vectors given by

A g;
g, = (4.4)
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4.1.2 Metric Tensors

Metric tensors are the inner product of base vectors. If g, are the covariant base vectors then the

covariant metric tensor is given by

95 = 9; " 9, 4.5)

Similarily if g* are the contravariant base vectors then the contravariant metric tensor is
given by

9" =g g (4.6)

We can also form a mixed metric tensor from the dot product of a contravariant and a co-
variant base vector i.e.,
i i
9;=9 "9 4.7)
and
9 =9i°9’ (4.8)
Note that for mixed tensors the “* indicates the order of the index i.e., ¢'; indicates that the
first index is contravariant and the second index is covariant whereas g; indicates that the first

index is covariant and the second index is contravariant.
If the base vectors are all mutually orthogonal and constant then g; = g* and g;; = g*.

The metric tensors generalise (Euclidean) distance i.e.,
ds* = gijdxidxj 4.9)

Note that multiplying by the covariant metric tensor lowers indices i.e.,

A= gijAj
. . . (4.10)
Aij = giegnA” = giA;" = ginA
and that multiplying by the contravariant metric tensor raises indices i.e.,
A'=gA;
g% 4.11)

Aij _ gikglekl _ gzkAkj _ gjkAzk
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and for the mixed tensors

A) = g7* Ay = g AV
A_ij = gikAkj = gjkAik

4.1.3 Transformations

65

(4.12)

The transformation rules for tensors in going from a v coordinate system to a & coordinate

system are as follows:

For a covariant vector (a rank (0,1) tensor)

For a contravariant vector (a rank (1,0) tensor)

~1 85@ a
at =

N 8V“a

For a covariant tensor (a rank (0,2) tensor)

Lo
iy — 852 (’353 ab

For a contravariant tensor (a rank (2,0) tensor)

W 0608
ij __ YS YS ga
A _8V‘18ybA

and for Mixed tensors (rank (1,1) tensors)

A1 agl ayb a
= urog

and W e
AJ: 87/ ang.b

ogi b e

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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4.1.4 Derivatives
Scalars

We note that a scalar quantity u (£) has derivatives

ou B
og

U7Z'

Or more formally, the covariant derivative (-,.) of a rank O tensor u is

ou
) agz )
Vectors
The derivatives of a vector v are given by
ov 0 , i
ogi - ogi (U gk)
a'Uk k 8gk;

= a—giQ/mLU o¢i

k k
=09, + UGy,

Now introducing the notation
99,
ok
where Fé & are the Christoffel symbols of the second kind.
Note that the Christoffel symbols of the first kind are given by

Jg;
Lijk =9, - Ok
Note that
Tn=9"9;,
= gi : Fé’kgl

= Fé'zg?z

THEORY

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

(4.24)
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The Christoffel symbols of the first kind are also given by

T 1 (0gij g 0g;i
k 2 (afk /3 ¢ ) ( )

and that Christoffel symbols of the second kind are given by

F;‘k = ¢"Tyn
— 1 i 991 . Gk B g, (4.26)
29 ock 9 el

Note that Christoffel symbols are not tensors and the have the following transformation laws

from v to £ coordinates

ovb Ove Ove o Q2v°

Din=Twe———+ b ————— 4.27
= g ogt o ogi agiog" @
, o8t ot ove 9Et OPve
r, =Iry ———— . 4.28
it = Lo oek ogi o ogioek (4.28)
(4.29)
We can now write (BELOW SEEMS WRONG - CHECK)
7.77Z~ = UkJ‘Qk —+ PZU‘]g]
k J ..k
=v" g+ 1I'v
,kgk j kk g (4.30)
= (" + ") gs
- Uk;igk
where v¥; is the covariant derivative of v* .
The covariant derivative of a contravariant (rank (0,1)) tensor v* is
vk;i = vkﬂ- + Ffjvj (4.31)

and the covariant derivative of a covariant tensor (rank (1,0)) vy is

Vs = Vg — 1,0 (4.32)
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Tensors

The covariant derivative of a contravariant (rank (0,2)) tensor W™ is

Wt =W 4 DWW 4 DLW (4.33)
and the covariant derivative of a covariant (rank (2,0)) tensor W,,,,, is

Wi = Wonni — T W — T2 W, (4.34)
and the covariant derivative of a mixed (rank (1,1)) tensor W is

W =W+ THW, =TI W (4.35)

4.1.5 Common Operators

For tensor equations to hold in any coordinate system the equations must involve tensor quanti-

ties i.e., covariant derivatives rather than partial derivatives.

Gradient

As the covariant derivative of a scalar is just the partial derivative the gradient of a scalar func-

tion ¢ using covariant derivatives is
grad ¢ = Vo = ¢.9" = b9’ (4.36)
and

Vo = 0.9 = ¢.9"g; (4.37)

Divergence

The divergence of a vector using covariant derivatives is

. 1 .
dive =V ¢ ==~ (VIglo') (4.38)
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where ¢ is the determinant of the covariant metric tensor g;;.

Curl

The curl of a vector using covariant derivatives is

curlq,’>=V><¢:7§

1

where g is the determinant of the covariant metric tensor g;;.

Laplacian

The Laplacian of a scalar using covariant derivatives is

V2 =div(grad ¢) = V- V¢ = ¢[; =

1

where g is the determinant of the covariant metric tensor g;;.

The Laplacian of a vector using covariant derivatives is

S

g

((bj;i - (bi;j) g

(\/ggijﬁbd’),i

Vi = grad (div ¢) — curl (curl ¢p) == ol

The Laplacian of a contravariant (rank (0,1)) tensor ¢ is

2 _ 2 iy K
Vg = (Vm — 20" 5

071

oxh

)e

and the covariant derivative of a covariant tensor (rank (1,0)) ¢, is

don
oxt

+ ¢ng”

h
ij

oxt

F)
(=73

69

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)



70 CHAPTER 4. THEORY

4.1.6 Coordinate Systems
Rectangular Cartesian

The base vectors with respect to the global coordinate system are
g
g; = |12 (4.44)
i3
The covariant metric tensor is

gl-j: 010 (4.45)

and the contravariant metric tensor is

—_
_— O
)

g = (4.46)

o O

The Christoffel symbols of the second kind are all zero.

Cylindrical Polar

The global coordinates (x,y, z) with respect to the cylindrical polar coordinates (7,0, z) are
defined by

T = 1rcosb r>0
y =rsinf 0<0<2xr 4.47)
z=2z — 00 < 2 <00

The base vectors with respect to the global coordinate system are

cos 01, + sin 0,
g; = | —rsinfiy; + rcosfiy (4.48)

i3
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The covariant metric tensor is

1 0 0
9ij = 0 r? 0 (4.49)
0 0 1
and the contravariant metric tensor is
1 0
9" =10 % (4.50)
0
The Christoffell symbols of the second kind are
[y =—r (4.51)
1
o =T =~ (4.52)

with all other Christoffell symbols zero.

Spherical Polar

The global coordinates (x,y, z) with respect to the cylindrical polar coordinates (7,6, ¢) are

defined by
x =rcosfsing r>0

y=rsinfsing 0<60< 2w (4.53)

2z =1Ccos¢ 0<o<m

The base vectors with respect to the spherical polar coordinate system are

cos 0sin ¢#1 + sin 0 sin pzo + cos i3
g, = —7sin # sin ¢t + r cos 6 sin @iy (4.54)

7 cos 0 cos ¢ty + 1 sin 6 cos ¢ty — 1 sin Pig
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The covariant metric tensor is

1 0 0
95 = |0 r?sin’¢ 0 (4.55)
0 0 r?
and the contravariant metric tensor is
1 0 0
97 =10 mgmg O (4.56)
0 0 7%2
The Christoffell symbols of the second kind are
[}, = —rsin® ¢ (4.57)
[y =—r (4.58)
I, = —sin ¢ cos ¢ (4.59)
1
rf, =19 = - (4.60)
1
¢ _ ¢ —
e (4.61)
g, =T% = cot ¢ (4.62)

with all other Christofell symbols zero.

Prolate Spheroidal

The global coordinates (x,y, z) with respect to the prolate spheroidal coordinates (A, y, 0) are
defined by

x = asinh Asin p cos 6 A>0
y = asinh \sin g sin 0 0<pu<m (4.63)
2z = a cosh A cos 0<6<2mr

where a > 0 is the focus.
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The base vectors with respect to the global coordinate system are

a cosh A sin 1 cos 021 + a cosh A sin p sin 025 + a sinh A cos uts

g; = |asinh A cos pcos 621 + asinh A cos psin 029 — a cosh Asin peg (4.64)
—asinh A sin g sin 021 + a sinh A sin p cos 04
The covariant metric tensor is
a® (sinh? A + sin” p1) 0 0
gij = 0 a? (sinh2 A + sin? u) 0 (4.65)
0 0 a?sinh? A sin? 11
and the contravariant metric tensor is
1

a? (sinh2 A+sin? M) 0 0

L 0 (4.66)

i _ 0
9 a? (sinh2 A+sin? ,u)

1
0 0 a2 sinh? \sin®
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The Christoffell symbols of the second kind are

with all other Christofell symbols zero.

Oblate Spheroidal

sinh A cosh A
sinh? \ + sin? p
—sinh A cosh A

 sinh® A +sin’ p
~ —sinh Acosh A sin?

sinh? \ + sin® ju
sin pt cos

 sinh? A +sin® p

sin [t cos [t

 sinh? A 4 sin®

— sin L cos

sinh?® A + sin? p
— sinh? A sin p cos ;1

sinh? \ + sin? p
sinh A cosh A

 sinh? A +sin® p

cosh \

- sinh A

COS [4

sin p

CHAPTER 4. THEORY

(4.67)

(4.68)

(4.69)

(4.70)

4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

The global coordinates (x,y, z) with respect to the oblate spheroidal coordinates (A, p, 6) are

defined by

where a > 0 is the focus.

x = a cosh A cos pycos 6 A>0
y = a cosh \ cos i sin @ %ﬂg,u
z = asinh Asin 0<o<

YA
N |

(4.78)
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The base vectors with respect to the global coordinate system are

a sinh A\ cos j1 cos 021 + a sinh X cos p sin 025 + a cosh A sin utg
g; = | —acosh Asin pcos#i; — acosh Asin psin 625 + asinh A cos pes 4.79)

—a cosh A cos psin 021 + a cosh A cos pu cos 029

The covariant metric tensor is

a? (sinh® A + sin? p1) 0 0
gij = 0 a? (sinh2 A + sin? ,u) 0 (4.80)
0 0 a? cosh? X cos? 1

and the contravariant metric tensor is

1
a? (sinh2 A+sin? u) 0 0
gl = 0 (o o) pww " 0 (4.81)
0 0 -

a2 cosh? X cos2
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The Christoffell symbols of the second kind are

sinh A cosh A

Iy, = 4.82
M7 ginh? A + sin? I ( )
—sinh A cosh A
I, = 4.83
H sinh® A + sin? p (483)
= —si‘nh;\cosh')\CQOSQ,u 4.84)
sinh® \ 4 sin”
sin fi cos
ry, = 4.85
M inh? A + sin? 14 (4.85)
sin fu cos
re = 4.86
H sinh® A + sin? p (4-86)
— Sin 4 cos [
Yy = 4.87
M sinh? A + sin? I ( )
9 .
i CO?h 2)\ sin u 0(2)5 1 (4.88)
sinh” \ + sin” p
sinh A\ cosh A
. = 4.89
M2 ginh® A 4 sin® p (489)
sinh A\
Iy, = 4.90
o2 cosh A (4.90)
—sin p
ry, = 4.91
O COS 1 “491)
(4.92)

with all other Christofell symbols zero.

Cylindrical parabolic

The global coordinates (x, y, z) with respect to the cylindrical parabolic coordinates (£, 7, z) are
defined by
xr=£&n —00< <0

y==(&-7) n>0 (4.93)

DO | =

z =2z —0 <2z <0
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The base vectors with respect to the global coordinate system are

Nty + §1o

13

The covariant metric tensor is

£+ n? 0 0
Gij = 0 E+n? 0 (4.95)
0 0 1

and the contravariant metric tensor is

1
e 00
=10 @ 0 (4.96)
0 0 1

The Christoffell symbols of the second kind are

e £
F££ - 52 4 n2 (4.97)
n
Ffm = 752 e (4.98)
-
Fgg = 752 e (4.99)
S
F,m = FZpp (4.100)
¢ _ e 7
an = an = g (4.101)
§
an = FZE = 752 e (4.102)
(4.103)

with all other Christofell symbols zero.
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Parabolic polar

The global coordinates (z, y, z) with respect to the cylindrical parabolic coordinates (&, 77, 6) are

defined by
x =¢&ncos £E>0

y=4¢&nsingd  n>0 (4.104)
1
zzé(ghn?) 0<6<2nm

The base vectors with respect to the global coordinate system are

ncos 6ty + nsin Otz + i3
g; = | &cosbiy + Esinbiy — nig (4.105)
—&nsin Bty + En cos Oy

The covariant metric tensor is

£+ n? 0 0
Gij = 0 E+n? 0 (4.106)
0 0 én

and the contravariant metric tensor is

1
e 00
97=1 0 g 0 (4.107)
1
o 0 £
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The Christoffell symbols of the second kind are

3
re, = 4.108
&€ §2 +?72 ( )
n
I = a (4.109)
S
e, = e (4.110)
-1
. = 4111
&€= @ e (4.111)
—&%n
M = 4.112
60 gg +?72 ( )
—&n?
ré, = 4.113
00 §2 +?72 ( )
¢ _ e M
rg, =Tt = o (4.114)
§
rg, =Tl = i (4.115)
1
gy =Th = 3 (4.116)
1
Iy =T, =~ (4.117)
n
(4.118)

with all other Christofell symbols zero.

4.2 Equation set types

4.2.1 Static Equations

The general form for static equations is
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4.2.2 Dynamic Equations

The general form for dynamic equations is
Mu(t)+Cu(t)+ Ku(t)+g(u(t)+ f(t)=0 (4.119)

where w () is the unknown “displacement vector”, M is the mass matrix, C' is the damping
matrix, K is the stiffness matrix, g (u (¢)) a non-linear vector function and f (¢) the forcing
vector.

From (?) we now expand the unknown vector u (¢) in terms of a polynomial of degree p.
With the known values of u,,, u,, %, up to pﬁln at the beginning of the time step At we can

write the polynomial expansion as

~ 1 " 1 p—1 ]_
Uty +7)RU(y +T) = Uy + Ty + T8y + -+ ———7" u, +=77ab (4.120)
( ) ( ) 2! (p—1)! p!
where the only unknown is the the vector o,
dr
of A= d—;” 4.121)

A recurrance relationship can be established by substituting Equation (4.120) into Equa-
tion (6.384) and taking a weighted residual approach i.e.,

At

O/W(T) [M (un+7ﬁn+---+ (p_12)!7'p_2a£)

1
+C (un + 71U, -+ 7'74’1(1%)
(p—1)!

1
+K<un+7un+---+—17pafl)
p!

1
+g <un +TU, A+ —'rpafl) + f(t, + r)} dr =0 (4.122)
p

At
where W (7) is some weight function, 7 = t —t,, and At = t,, 11 —t,. Dividing by / W(r) dr

0
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we obtain

1
W(r) M (b, + T + - - + T”_Qaﬁ) dr
[ ( =
0
At
W (r) dr
0
At 1
W T C un+TUn+'+ Tplag) dT
[ ( oo
+ At
/W(T) dr
0
At ]
/W(T)K<un+mn+---+—,7pa§1) dr
p!
0
+ At
/W(T) dr
0
v . At
p!
/ 0
+ x + At
/ W (r) dr W (r) dr
9 0

Now we define

81

—0 (4.123)

(4.124)
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and
At
2 0
f o At
0
and

0
AtF /

0

We can now write

. 0, o AtP~2 .
M <’u,n+1 + Lag) +C (un+1 +

(p—2)!

At
/W(T)deT
0
k= At

W(r)

dr

0, (AP
(p—1)!

fork=0,1,...,p

aﬁ) + K

p!

—7PP

CHAPTER 4. THEORY

(’an-i-l +

n) dr

where

'anJrl

'unJrl - E
'unJrl - E

p—1
q=0
p—1

q=1
p—1

0,At7

0, 1At
(¢ —1)!

0, 2 At
(¢ —2)!

Un

n

0,At?
p!

(4.125)

(4.126)

afl) +

+f=0 (4127

(4.128)
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We note that as g (u (¢)) is nonlinear we need to evaluate an integral of the form

At

/ W(r)g(u(t, +7)) dr (4.129)

In order to ensure that the accuracy of the integration scheme is not compromised we need to
evaluate Equation (4.129) with p™ order accuracy in time. For a first order in time approximation

we form Taylor’s series expansions for g (u (¢)) about the point w (¢, + 7) i.e.,

glu(t,)) =g, +7)—7g(ut,+7)+0 (% (4.130)
and
gu(ty))=gut,+7)+(At—7)g(u(t,+7))+0 ((At - 7)2) (4.131)
Now if we sum Equation (4.130) times tA_t T and Equation (4.131) times Alt we obtain
AT (e a tni1)) = g (u(t 0 ( 4.132
g b))+ g ) =gt + 1)+ O () @I132)
Equation (4.129) now becomes
At At
At — 1 T 9
[ w@ae o) ar= [ (STt + o) -0 () ) ar
’ ’ (4.133)
or
At At
/ W (r) g (u (t, + 7)) dr = / W) (1= ) g @) + g @)~ 0 () dr
0 0

(4.134)
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and so
At At At
Wi(r)g(u(t, +7)) dr Wi(r)g(u(ty)) dr Wi(r)7g (u(tn)) dr
0 0 0
At B At At
W (r)dr W(r) dr At | W (r)dr
0 0 0
At At
Wi(r)rg (u(t,.1)) dr W(r)O (7’2) dr
0 0
+ AL - ~ (4.135)
At | W (r) dr W (r) dr
0 0
At At
W (r) dr W (r)rdr
Now if we recall that 6, = 0 N =1land @, = -2 x we can write
W(r) dr At [ W (r)dr
0 0
g=(1-01)g(u(ty))+ 619 (uw(t,s1)) — Error (4.136)
where
At
/ W (r)O (7‘2) dr
Error = ——— (4.137)

W (r) dr

For a second order in time approximation we need to consider three points. We form Taylor’s
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series expansions for g (u (¢)) about the point w (¢, + 7) i.e.,

g(ultna)) =g u(ty+7) = (Al +7)g(u(t,+7))

(At 2+ ) 6wty + 7)) + O (At +7)%) (4.138)

and
gu(t,)) =g, +7)—1g(u(t,+71))+ %QQ (w(t, + 7))+ 0 (7% (4.139)

and

g (u(tn1)) =g (u(tn + 7)) + (AL =7) g (u(ty, + 7))

(At — 7')2 .

+ g (u(t.+7) + O (At - 7)%)  (4.140)

—7 (At —
If we sum the equations Equation (4.138) times %

T (At +7)

and Equation (4.140) times ————= we obtain
d ( ) 2A?

2(At—171) (At + 1)

, Equation (4.139) ti
quation ( ) times AL

—7 (At —7)
2A1?

g (u(t, )+ ZEE D g ) T g )

=g(u(t, +7)+0 (%) “.141)

Equation (4.129) now becomes

[woa, = [we (T w0
0 Q(At—r)(At—l—T)O T (At +7)

2A¢?
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86

or

) g (u (b))

2
2A¢?

2At

oo

/

=) gttt + (

-
At?

W) g (u(ty+ 7)) dr =

F—_

2) g(u(tn1)) =0 (73)) dr (4.143)

-2
2At

4
2At

+(1-

and so

IT
-
gol
— =
i o)
= o
O N
=) -
27 A_/O
— [N}
T +~
S
=
A_/O
4
-
gol
= -
| o
= ©
A
S |F—
=3
N
=
A_/O
_
~
gol
=
s
SIS
u ~—
s | =
=
A_/O

~~
<t
<t
—
T <
= ~
© ~
= > o
: © a =
2 > O =
P ola—e. = | =
O 3 = |TT—o
W o M/O
d~—_ |
+ =
= = -
— = t mw
S T = =
3 = S N
= ) -
T s = | TTe
O v T 3
~ < =
A_/O A_/O
_
[
<
o =
2 ©
>
O MM
[e=)
=
A_/O

~
~
T ©
L ©
= =
W M/O
B %
Il
~
)
o
=
<
~
~
e o)
= 5
S -
- W m/0
A_/O N
Il
S
-
Il
= =
) e
= =
= =
A/O A_/O
Il
=
<>
=
Q
(D]
=
(D]
B
fym
B
O
Z
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we can write

(02 — 61)
2

(03 + 61)
2

g(u(tp-1))+ (1 —0)g(u(t)) + g (u(tny1)) — Error  (4.145)

g:

where

Error = 2 (4.146)

For a third order in time approximation we need to consider four points. We form Taylor’s

series expansions for g (u (¢)) about the point w (t,, + 7) i.e.,

g(u(tnz))=g(u(ty+7))— 2At+7)g(u(t,+ 7))+ MQ (w (tn + 7))
— M'g' (w(t, + 7))+ 0 ((2At + 7)) (4.147)
and
gutp-1)=9gu(t,+7) = (At +7)g(u(tn+7)) + %Q (w (tn + 7))
— Mg (w(t, + 7))+ 0 ((At+7)") (4.148)

2

g(u(tn)) =g @(tn+7)) —7g (u(th + 7)) + %g (w (tn + 7))
— %g‘g" (u(t,+7)+0(r") (4.149)
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and

(At —17)°
2

g (u(tnr)) =g (u(ty+ 7))+ (AL =7) g (u(ty +7)) + g (u(ty+7))

(At (; 7) G (u(t,+7)+0 (At —7)") (4.150)

T (At —7) (At 4 7) =37 (At — 1) (2At + 1)

If we sum Equation (4.147) times

, Equation (4.148) times

6AL3 6AL3
At — A 2A A 2A
Equation (4.149) times 3(At—7)( 62—;7—) (24t +7) , and Equation (4.150) times T (At +(731(t3 t+7)

we obtain

7 (At — 1) (At + 7) 37 (At — 1) (2At + 1)

e gt ) - = g ()
N 3 (At —T) (A6tA—lt—37') (2At + T)g (w (8) + T (At —i—gi(t?At + T)g (w (b))
=g(ut,+71)+0(r") 151
Equation (4.129) now becomes
/W w(ty+ 7)) dr = / W (7) (Tw )
37 (At _GTA)t(gQAt + T)g (w (b 1)) + 3 (At —7) (AGtA;T) (2At + T)g (w ()

or

[ W@+ ar :7tw<r>((@—62—;)g<u<m»

7_2 7.3

—T
1 - tn
+<At 2At2 2At3) ( +2At AL 2At3)9(“( )

( 3 ) (u (tnﬂ))—o(f“)) dr (4.153)

2At2 6At3
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and so
At At At
Wi(r)g(u(t,+7))dr Wi(r)rg (u(t,_2)) dr W () g (u (t,_2)) dr
0 _0 _ 0
At At At
W (r)dr 6At [ W (1) dr 6AL3 [ W (1) dr
0 0 0
At At At
Wi(r)rg (u(t,—1)) dr W (r) g (u (t,_1)) dT W (r) g (u(t,_1)) dr
- At + At + At
At | W (r)dr 2At* | W (7) dr 2AtY | W (7) dr
0 0 0
At At At
W(r) g (u(t,)) dr W(r)rg (u(ty)) dr / W (r)7°g (u(t,)) dr
+ At + 5 At - At
W(r)dr 2At | W (r) dr At | W (1) dr
0 0 0
At At At
W (r)T°g (u(t,)) dr W () rg (u(tns1)) A7 W (r)7°g (u (tys1)) d7
- At + At + 5 At
2A8 [ W (7) dr 3AL [ W (r) dr 2AL [ W (7) dr
0 0 0
At At
W (r) g (u (tpyr)) dr W(r)O (7’4) dr
4+ 2 - o (4.154)
6AL [ W (r) dr W (r) dr
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At At At

W (r) dr W (r)rdr W (r)r2dr
If we recall that 6, = 0 =1,60, = 0 ~ , 00 = 0 ~ ,

W (r) dr At | W (r)dr Atz [ W (r)dr

0 0 0

At
W (r)rdr
and 63 = = we can write
AL [ W (r) dr

g G0 Bt 9; =20 (tn_l))+<1 (654 232 — 91)) g (u(t)

| (83430, +26))

6 g (u(t,y1)) — Error (4.155)

where

7 W (r)O (%) dr

Error = (4.156)

W (r) dr

Equation (4.127) now becomes

YN
(p—2)!

. 0, 1At 0,At?
) +C i+ 20l ) + K (@, + L——af
(p—1)! p!

+(1—61)g(u,) + 019 (u,1) + f + Error =0 (4.157)

M <;l.1'n+1 +
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with a first order approximation in time or

. VAN . NRVAN 0, AtP
M(mﬂ+ii——u@+C<mﬂ+li——¢Q+K<WH+p a@
(p—2)! (p—1)! p!
0, — 0 0, + 0 .
+L%TﬁgwnQ+O—ﬂﬁgw0+L;§QgWMﬂ+f—Emn:O(46&

with a second order approximation in time or

. 0, o AtP—2 . 0, AtP! 6, At?
Mty + 22—l | +C |t + Z——0 ) + K |ty + 2—a
(p—2)! (p—1)! P!

00 By + 6y — 26 Os + 20, — 6
PO g ) B 1>9<un—1”(1‘ o 1))9(“")
2 —
+(¢93+3¢962+ 91)g(un+1)+f_Error:O (4159)

with a third order approximation in time as w (t,_2) = Up_2, u (t,—1) = Up_1, w (t,) = u,
p

and u (t,11) = Upi1 = Upy1 + — @, where @,y is the predicted displacement at the new
time step and is given by .
p—1
Atq q
T — (4.160)
o z_% q!
q_
Rearranging gives
0, 2 AtP 0, 1 AP 0,At? At
P (al) = <LM + 21 C+ -2 K) ol +0.g <’&n+1 + —aﬁ)
(p—2)! (p—1)! p! P!

for a first order approximation or

0, o AtP~? 0, 1At 0,At? 0y + 6 AtP

R V) R C+-2 K) afﬁwg (’i&n+1 + —afb)
(p—2)! (p—1)! p! 2 p!

0y — 0 . . _
(2271>g (Wp—1) + (M3pi1 4+ Cpsy + Kt + f) =0 (4.162)

wian) = (

+(1—1063) g (u,) +
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for a second order approximation or

0, o AtP2 0, 1AtPt 0, At? (05 + 30y +20,) [ . AP
p = 712 M P P K P —a?
¥ () < - Mt €t O 6 g\ Mt T
7 205 — 0 7 0, — 20 6, — 0
4 <1 o ( 3+ 22 1)) g(un)_'_ ( 3+ ; 1)g(un71) + %g (un72)

+ (Myy1 + Cpsr + K1 + f) =0 (4.163)

for a third order approximation.

If we now define the Amplification matrix A as

0,_o AtP2 0, AtP~! 0,At?
A=L"— M+ 2 C+-2—K (4.164)
(p—2)! (p—1)! p!
and the right hand side vector b as
b= M, 1+ Cuny + Kty + f (4.165)
We can now write Equation (4.161) as
A p
Y (af) = Aaj + g <'&'n+1 + F“ﬁ) +(1—6)g(u,) +b=0 (4.160)
and Equation (4.162) as
0, + 6 AtP
vian) = Ay + 204 (4,04 2ar)
p!
(6> — 01)

2
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and Equation (4.163) as

03 + 365 + 20 AtP
(o) = o+ BRI (a4 Sy )

0 205 — 0 Os + 05 — 20
+<1_(3+ 22 1))g(un)+(3+; 1)
(01 — 03)
* 6

g (un1)

gty 2) +b=0 (4.168)

If g (u) = 0 then Equation (4.161) or Equation (4.162) is linear in a?, and o, can be found

by solving the linear equation

-2 —1 -1
al = — (% efzpl_mlp)! C + eppA!tp K) (M3 41+ Cltnyy + Kt + f)
(4.169)
or
ol = —A""'b (4.170)

If g (u) is not = O then Equation (4.161) or Equation (4.162) is nonlinear in a?. To solve

this equation we use Newton’s method i.e.,

p p _ p
1.J (‘%(i)) .5an(i) = — (an(i))

4.171
2.a =al  +éa ( :
where J (a?) is the Jacobian and is given by
0g | tpi1 + P
- - g\ Upt1 T — &
0, o AtP~2 0,1 AP~ (AN AN pl "
J (o) =2 M+ -2 C+-2 K 4.172
ad G-20 - T daly @172
or
5 < N At? p)
g\ Uni — &
0, AP P
J(a?)=A+ 2 L (4.173)

p! oad,
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for a first order approximation or by

At
ag ﬂ'nJrl + —azr)z
(‘92 + 91) Atp p'

0,_o AtP—2 0, AtP~! 0,At?
J(al) =2 b C+*2—K
o) =y My € Ky oo,
(4.174)
or A
t
(6, + 6,) A (anﬂ i Fag)
2 T 01 !
J(al)=A+ ol Dol (4.175)
for a second order approximation or by
AtP
dg ( u, —ab
J(a?) = 9?*2Atp_2M+9p*1Atp_1C+ OpAL" oo (B3 + 365 + 201) AP 7 (u o an)
" (p—2)! (p—1)! P! 6p! o,
(4.176)
or
0g | tpy1 + A
g | Upt1 T — &
(93 + 392 -+ 291) AP p' "
J(al)=A 4.177
(af) = A+ - o @.177)
for a third order approximation.
Once af has been obtained the values at the next time step can be obtained from
p AtP
Upi1 = Uy + Aty + -+ —abf = U, + —af
P! P!
APt . APt
. . . T APy S Q[
Uy = Uy, + Atthy, + -+ = 1)!an Upiq + = 1)!an (4.178)

p—1 p—1
Unp1 =u, +ALAE

For algorithms in which the degree of the polynomial, p, is higher than the order we require
the algorithm to be initialised so that the initial velocity or acceleration can be computed. The
initial velocity or acceleration values can be obtained by substituting the initial displacement
or initial displacement and velocity values into Equation (6.384), rearranging and solving. For

example consider the case of a second degree polynomial and a first order system. Substituing
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the initial displacement u, into Equation (6.384) gives
Cug+ Kug+g(ug) +f, =0 (4.179)
and therefore an approximation to the initial velocity can be found from
g = —C~" (Kug + g (uo) + fo) (4.180)

Similarily for a third degree polynomial and a second order system the initial acceleration
can be found from
g = —M " (Cuo + Kug + g (wo) + f,) (4.181)

To evaluate the mean weighted load vector, f, we need to evaluate the integral in Equa-

tion (4.125). In a similar fashion to how Equation (4.124) is evaluated we can calculate

for a first order approximation or
- 0y + 0 0y — 0
p= g vaeg, s By, @.183)
for a second order approximation or
- 0 0y + 20 O3 + 205 — 0
f:(3+362+ 1)fn+1+<1_(3+ 22 1)>fn
05 + 0y — 20 0, —06
+ 5 Dt %fn_g (4.184)

for a third order approximation.

Special SN11 case, p=1

For this special case, the mean predicited values are given by

Upi1 = U, (4.185)
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The predicted displacement values are given by
Uyl = Uy
The amplification matrix is given by
A=C+0,AtK
The right hand side vector is given by
b=Ku,.1+ f

The load vector is given by

fzelfnJrl—i_(l_el)fn
The nonlinear function is given by
Y () = Ay, + 019 (Gpir + Atay) + (1 —61) g (w,) +b=0

The Jacobian matrix is given by

oo,

J (a}l) =A+0,At
And the time step update is given by

1
Upi1 = u, + Ala,,

Special SN21 case, p=2

For this special case, the mean predicited values are given by

’l_,l,n+1 =u, + QlAtun

’a’n—l—l = Up

(4.186)

(4.187)

(4.188)

(4.189)

(4.190)

(4.191)

(4.192)

(4.193)
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where

U =—C " (Kuo+ g (uo) + fo) (4.194)

The predicted displacement values are given by

Uiy = up + Aty (4.195)

The amplification matrix is given by

Oy At?
A=0,AtC + 22K (4.196)
The right hand side vector is given by
b=Cu,1+ Kty 1+ f (4.197)
The load vector is given by
- 0y + 0 0y — 0
R (AT AR LAY (4.19%)
The nonlinear function is given by
0y + 0 ) At?
Y (ap) = Aa;, + %Q (unJrl + 7‘12) +
0y — 0
(1-6)g )+ g, ) b=0 @199)

The Jacobian matrix is given by

At?
2 dg Upy1 + —ai
Oy + 01) At 2

J(aQ) = A+ 4 oa?

(4.200)
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And the time step update is given by

2
Upi1 = W, + Atu, + Tai

(4.201)
Upi1 = U, + Ata?
Special SN22 case, p=2
For this special case, the mean predicited values are given by
’l']/n+1 =u, + 0;Atu, 4.202)
Upy1 = Uy
The predicted displacement values are given by
Upi1 = Uy + Aty (4.203)
The amplification matrix is given by
A =M +6,AtC + HQAtQK (4.204)
The right hand side vector is given by
b= M, + Ctpi + Kttp,1 + f (4.205)
The load vector is given by
I R ) L A (4200
The nonlinear function is given by
b (a2) = Aaz + L0 (ram N %tzoﬂ) '
(62 — 1)

2
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The Jacobian matrix is given by

At?

)

89 'l:l,n+1 + —a2
(0 + 6,) At? ( 9
J(ar)=A
(o) * 4 oa?
And the time step update is given by
2
Upy1 = W, + Att, + Tai

. . 2
Upi1 = U, + Al

Special SN32 case, p=3

For this special case, the mean predicited values are given by

0y At

'il,n+1 - 'U,n + HlAtun

’a’n—l—l = Un

The predicted displacement values are given by

2

The amplification matrix is given by

2 3
A= 0,AtM + 92§t C + 93?

K

The right hand side vector is given by

b= M, 1+ Ctpi + Kt + f

99

(4.208)

(4.209)

(4.210)

4.211)

(4.212)

(4.213)
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The load vector is given by

- 0 0y + 20 O3 + 20, — 0
f:(3+32+ 1)fn+1+ 1_(3+ » — 01) f
6 2
O3 + 05 — 20 0, — 0
T e
6
The nonlinear function is given by
05 + 305 + 20 . At?
¥ (o) = Aa, + G 62 1)9 (unJrl + ?ai) +
05 + 205 — 0 05 + 0y — 20
1 B2 g gy BRI g )
2 2
0, — 0
+ %g (Up_2) +b=0 (4.215)
The Jacobian matrix is given by
At?
ag '&'n-i-l + —a3
03 + 30, + 20,) At? ( 6 "
T(ad) = A s 4216
(o) = A+ 36 Do (4.216)
And the time step update is given by
At? At?
2
1 =ty + Aty + -0 “@.217)

iy = W, + Atad
4.3 Interface Conditions

4.3.1 Variational principles

The branch of mathematics concerned with the problem of finding a function for which a certain
integral of that function is either at its largest or smallest value is called the calculus of varia-

tions. When scientific laws are formulated in terms of the principles of the calculus of variations
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they are termed variational principles.

4.3.2 Lagrange Multipliers
4.4 Optimisation Problems

4.4.1 Unconstrained Optimisation
The general form of a unconstrained optimisation problem is

min f (x)
x (4.218)
subjectto a <x <b

4.4.2 Linear Program
The general form of a linear programming problem is

min ¢’z
xr

subjectto Ax =b (4.219)
x>0

4.4.3 Constrained Optimisation

The general form of a PDE constrained optimisation problem is

magn f(x)

i <zx<
subjectto a <x <b (4.220)
g(@)=c

h(x)>d
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4.4.4 PDE Constrained Optimisation

The general form of a PDE constrained optimisation problem is

min [ (x,u)
subjectto p(x,u) =0
a<z<b (4.221)
g(x)=c
h(x)>d



Chapter 5

Mathematics

5.1 Notation

5.1.1 Vector and Tensors

The following formatting will be used for vectors and tensors.

a,b,c,... Scalars or 0 order tensors
a.b,c,... Vectors or 1° order tensors
A B, C,... Dyadics or 2" order tensors (5.1
A,B,C,... Triadics or 3" order tensors
A, B,C,... Tetradics or 4" order tensors

103
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5.2 Vector Calculus

5.2.1 Vector Identities

If a, b, c and d are all vectors and ¢ and 1) are scalars then

a-(bxec)=b-(cxa)=c-(axb)
x(bxec)=(a-c)b—(a-b)c
(axb) (cxd)=(a-c)(b-d)—(a-d)(b-c)
V(gy) = oV + Ve
VxVep=0
V- Vo=V
V- (Vxa)=0 (5.2)

Vx(Vxa)=V(V-a)—Va
V-(pa)=a -Vo+ ¢V -a
V x¢pa=Voxa+ oV X a
V(a-b):(a-V)b+(b-V)a+ax(be)+b><(V><a)
V-(axb)=b-(Vxa)—a-(Vxb)
X(axb)=a(V-b)—b(V-a)+(b-V)a—(a-V)b

If A is a second order tensor, b is a vector and ¢ is a scalar then

V- (pA)=Vp-A+¢V- A 5
V-(A-b)=(V-A)-b+ AT :Vb '

5.2.2 Vector Integral Theorems

For a domain €2 with boundary [' = 02 and normal n and a vector field a then the divergence

theorem 1is

/V~adQ:/a-ndF 5.4)

Q r
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5.3 Operations

5.3.1 Linearisation

A linearisation of a function f (x) in the direction of Az is

Ly (f) [Ax] = % [+ edx)| = [ (x) + D (f (z)) [Az] (5.5)
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Chapter 6

Equation Sets

6.1 Classical Field Class

6.1.1 Generalised Laplace Equation
Governing equations:

The generalised Laplace’s equation on a domain §2 with boundary I" in OpenCMISS can be

stated as

V(o (x)Vu(x) =0 (6.1)

where € ), u(x) is the potential and o (x) is the (positive definite) conductivity tensor
throughout the domain. Note that o = I gives the standard form of Laplace’s equation i.e.,
Viu = 0.

To complete the description of the boundary value problem, the governing Equation (6.1)
is supplemented by suitable boundary conditions on the domain boundary I'. These boundary

conditions can either be of Dirichlet type and specify a solution value, d i.e.,
u(x)=d(x) xelp, (6.2)
and/or of Neumann type and specify the solution gradient in normal direction, e i.e.,
q(x,t) = (o (x)Vu(x,t)) - n=e(x,t) xecly, (6.3)

107
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where ¢ (x,t) is the flux in the normal direction, n is the normal vector to the boudary and
'=TpuUly.

Weak formulation:

The corresponding weak form of Equation (6.1) is

/ V- (oY) wdf = 0 6.4)

Q

where w is a suitable test function (For a definition of what constitutes a “suitable” test and trial

function, see Section ?? - still has to be written).

Applying Green’s theorem to Equation (6.4) gives

/ V- (Vo) wdQ = —/ (Vo) - Vw dS) +/ (oVe) -nwdl =0 (6.5
Q

Q r

or

/ (6Vo) - VwdQ = / (eVé) - nwdr, (6.6)

Q r

Tensor notation:

If we now consider the integrand of the left hand side of Equation (6.6) in tensorial form with

covariant derivatives indicated by a semi-colon in the index (see Section 4.1.4 for details) then
oVu = U_iju;i (6.7)

and
Vw = wy (6.8)

Now, Equations (6.7) and (6.8) represent vectors that are covariant and therefore we must
convert Equation (6.7) to a contravariant vector by multiplying by the contravariant metric ten-

sor (from 2 to & coordinates; see Sections 4.1.2 and 4.1.6) so that we can take the dot product.
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The final tensorial form for the left hand integral is
(V) - Vu = G*o’pwy, (6.9)

and thus Equation (6.6) becomes

/ ijafju;iw;k dQ2 = / ijafju;mkw dr (6.10)
Q r
or
/ ija_iju;iw;k dQ = / quwdI’ (6.11)
Q r

Finite element formulation:

E F
We can now discretise the domain into finite elements i.e., {2 = UQe with ' = UF #» Equa-
e=1 f=1
tion (6.11) becomes
E F
Z/ ija;»u;iw;k dQ) = Z/ quw df2 (6.12)
e=1 Q. f=1 Ff

The next step is to approximate the dependent variable, wu, using basis functions. To simplify
this for different types of basis functions an interpolation notation is adopted. This interpola-
tion is such that 1)? (£) are the appropriate basis functions for the type of element (e.g., bicubic
Hermite, Hermite-sector, efc.) and dimension of the problem (one, two or three-dimensional).
For example if £ = {¢} and the element is a cubic Hermite element (Section 2.3.2) then ¥ (£)
are the cubic Hermite basis functions where the local node number n ranges from 1 to 2 and the
derivative /3 ranges from 0 to 1. If, however, £ = {&;, &>} and the element is a bicubic Hermite

element then n ranges from 1 to 4, 3 ranges from 0 to 3 and ¢)? (&) is the appropriate basis func-
ou™

tion for the nodal variable u"ﬁ The nodal variables are defined as follows: v’ = u", u"} = 95
b b b Sl

ou” 0*u™

u'h = ——, u'y = , etc. Hence for the bicubic Hermite element the interpolation func-
’ 882 ’ 881882
2,2
tion 13 (&) multiplies the nodal variable u?% = 959 and thus the interpolation function is
’ §1082

Wl (&) Wl (&). The scale factors for the Hermite interpolation are handled by the introduction
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of an interpolation scale factor S (n, ) defined as follows: S (n,0) = 1, S(n,1) = S(n, 1),
S(n,2) =8(n,2),Sn,3) = S(n,1)S (n,2), etc. For Lagrangian basis functions the in-
terpolation scale factors are all one. The general form of the interpolation notation for u is
then

u (&) =) (&) uS (n, B) (6.13)

We can also interpolate the other variables in a similar manner i.e.,

q(&) =] (£4%) S (0,7)

(6.14)
o (&) =y (&) %S (p,0)

where ¢7 and o’ are the nodal degrees-of-freedom for the flux variable and conductivity tensor.
Using a Galerkin finite element approach (where the weighting functions are chosento be

the interpolating basis functions) we have
w (&) = vy, (£)S(m, @) (6.15)

Spatial integration:

When dealing with integrals a similar interpolation notation is adopted in that d§ is the appro-
priate infinitesimal for the dimension of the problem. The limits of the integral are also written

in bold font and indicate the approprlate number of 1ntegrals for the dimension of the problem.

For example if & = {&;,&,} then / rd€ = // xd& A dy, butif & = {£1, &, &3} then

0

/:cdﬁz///xdéld&dfg.

In order to integrate in & coordinates we must convert the spatial derivatives to derivatives

with respect to £. Using the tensor transformation equations for a covariant vector we have

og _ 0g u
T T o 0 (10

and oer 5" 8
we = Loy, = 00 (6.17)

ok T Duk Der
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As we only know &, the conductivity in the v (fibre) coordinate system rather than o, the
conductivity in the @ (geometric) coordinate system, we must transform the mixed tensor o9
from v to x coordinates. However, as the fibre coordinate system is defined in terms of &
coordinates we first transform the conductivity tensor from v to &£ coordinates i.e.,

¢4 0
ol () = oo 826 5% (6) (6.18)

with .b indicating that b is the “second” index (Section ??), and then transform the conductivity

from & coordinates to @ coordinates i.e.,

oz' O¢e
71(6) = G50t (©
(6.19)
83: o0& 8§d ovb 50
OEd i O 856 5 (&)
where o is interpolated in the normal way i.e.,
7 (€) =1y (£) %S (p.9) (6.20)
Using an interpolated variables yields
E b oxioge oglovt g
ik
;/ « 0&4 Oxd Ove (‘356 %5 (&) or’
=lo
0 (v (&) S (n. ) 0€" 8 (v, (€) S (m, )
e G
- Z/ U7 (€) 425 (0,7) U5, (€)8 (m,0) AT (621)
=

where J (&) is the Jacobian of the transformation from the integration x to £ coordinates.
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Taking the fixed nodal degrees-of-freedom and scale factors outside the integral we have

E 1 <
" 2 01t 0L DT VP _
; u,ﬁs (m7 Oé) S (nv 6) /ijﬁgd Oxd % 856 O (€>

0
9E" OE* Iy (€) Oy, (€)
ox' Ozk 03 ocr

=Y 428 (m,a)S(0,7) / V] (&) Uy, (€) AT (6.22)

r=1 Ff
This is an equation of the form of
Ku=f (6.23)
where
f=Ngq (6.24)

The elemental stiffness matrix, K2, is given by

mn?

1

o e
K3 = Snas(m ) [ LB 7910 629
¢ ¢
0
where Oxt 9&e 9gt P 0¢" 0¢
e _ i 1t e % Y r s 5
8 (E) G 8£d ord e age O (6) o1t Ok (6 6)
Note that for Laplace’s equation with no conductivity or fibre fields we have
) 857‘ ags
rs — zkf 2
e =6 ox' Oxk 6:27)
and that for rectangular-Cartesian coordinates systems G* = §% and thus i = k. This now
gives
rs _ agr ags __rs
1) =g =Y (6.28)

where ¢ is the contravariant metric tensor from x to £ coordinates. It may thus be helpful to

think about 4"® as a scaled/transformed contravariant metric tensor.
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The right hand side flux matrix, N7, is given by

mo?

NS =S (m,«) / (s ) dTl’ (6.29)

6.1.2 Poisson Equations
Generalised Poisson Equation
Governing equations:

The general form of Poisson’s equation with source on a domain €2 with boundary I' in
OpenCMISS can be stated as

V(o (x)Vu(x))+a(x)=0 (6.30)

where x € (), u (x) is the dependent variable, o () is the conductivity tensor throughout the

domain and a () is a source term.

Appropriate boundary conditions conditions for the diffusion equation are specification of

Dirichlet boundary conditions on the solution, d i.e.,
u(x,t) =d(x,t) x€lp, (6.31)
and/or Neumann conditions in terms of the solution flux in the normal direction, ¢ i.e.,
g(x)=(o(x)Vu(x)) - n=c(x) =zecly, (6.32)

where ¢ (x,t) is the flux in the normal direction, m is the normal vector to the boudary and
I'=TpUly.
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Weak formulation:

The corresponding weak form of Equation (6.30) can be found by integrating over the spatial

domain with a test function i.e.,

/ (V- (oeVu)+a)wdQ =0 (6.33)
0

where w is a suitable spatial test function.

Applying the divergence theorem in Equation (6.398) to Equation (6.33) gives

—/aVu-deQ—i—/(O'Vu-n)wdF+/awdQ:O (6.34)

Q r Q

where n is the unit outward normal vector to the boundary I'.

Tensor notation:

Equation (6.34) can be written in tensor notation as

_/ ijg;.u;iw;kd(2+/ ijg;u;inkwdf‘+/awd§2:0 (6.35)
Q r Q
or
/ijg;,u;iw;de:/qwdF+/awdQ:0 (6.36)
Q T Q

where G7* is the contravariant metric tensor for the spatial coordinate system.
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Finite element formulation:

E F

We can now discretise the spatial domain into finite elements i.e., {2 = UQe with [ = U I'y.
e=1 f=1
Equation (6.36) becomes

E F E
Z/ ija;u;iw;de:Z/ qwdT+Z/ aw d€2 (6.37)
e:lﬂe elee

=1
fpf

We can now interpolate the variables with basis functions i.e.,

u (&) =) (&) u'sS (n, B)

q (&) =¥ (€)a%S (0,7) (6.38)
& (&) =y (&) %S (p, 0)

a(§) = w;.f €3] af’(SS (p, 0)

where u?ﬁ, qfi/, o’ 5 and a’ 5 are the nodal degrees-of-freedom for the variables.

For a Galerkin finite element formulation we also choose the spatial weighting function w

to be equal to the basis fucntions i.e.,

w (&) = ¥, (§) S (m, ) (6.39)
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Spatial integration:

Adopting the standard integration notation we can write the spatial integration term in Equa-

tion (6.37) as

E 1 i e d b s
Z/ijiiﬁaﬁ Ov 54 (E)ai
= 0&4 Oxd Qv OEe ox’

0 (v (&) uS (n, B)) 9™ 9 (42 (€) S (m, ) T (&)] de

o&* oxk €T
F
=3 [ @S @S ima) ars
(=S

> [a@ui @8 ma)l ) de ©40

where J (&) is the Jacobian of the transformation from the integration x to £ coordinates.

Taking values that are constant over the integration interval outside the integration gives

E ! « B
S oma)S(np) [ PEEDEE 61 (¢) ag

= 3428 (m,)S (0,7) / 42 (€) 4] (€) dT+

f=1

> (ma)S(0) [ 05, (€4} (©)1T () de 64D

e=1

where 7% (€) is defined in Equations (6.26)—(6.28).
This is an equation of the form

Ku=f (6.42)

where
f=Ngqg+ Ra (6.43)
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The elemental stiffness matrix, K2, is given by

mn?

1

o B
i~ Sm)s(n) [ 2EOMEO gy ea ean

The elemental flux matrix, /V}7, is given by

N = S (m, ) S (0,7) / 42 (€) 07 (€)1 (&) dé (6.45)

ad

and the elemental source matrix, Rmp,

R =S (m,a)$ (p,0) / 42 (€) 00 (€)1 (€)] dé (6.46)

6.1.3 Diffusion Equations

6.1.4 General Diffusion Equation

Governing equations:

The general form of the diffusion equation with source on a domain €2 with boundary I" in
OpenCMISS can be stated as

a(x) % +V-(o(x)Vu(zx,t))+b(x,t) =0 (6.47)

where © € Q, u (x,t) is the quatity that diffuses, a (x) is a temporal weighting, o (x) is the

conductivity tensor throughout the domain and b (x, t) is a source term.

Appropriate boundary conditions conditions for the diffusion equation are specification of

Dirichlet boundary conditions on the solution, d i.e.,

u(x,t) =d(x,t) x€lp, (6.48)
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and/or Neumann conditions in terms of the solution flux in the normal direction, e i.e.,
g(x)=(o(x)Vu(x)) n=c(x) xecly, (6.49)

where ¢ (x,t) is the flux in the normal direction, n is the normal vector to the boudary and
I'=TpUTIy.
Appropriate initial conditions for the diffusion equation are the specification of an initial

value of the solution, f i.e.,
u(x,0)=f(x) x=e. (6.50)

Weak formulation:
The corresponding weak form of Equation (6.47) can be found by integrating over the spatial

domain with a test function i.e.,

/ a%—%(V-(aVu)jLa)wdQ:O (6.51)

Q

where w is a suitable spatial test function.

Applying the divergence theorem in Equation (6.398) to Equation (6.51) gives

/(a%)wdQ—/aVu-deQ+/(UVu-n)wdF+/bwdQ:0 (6.52)
Q Q r

Q

where 7 is the unit outward normal vector to the boundary I'.
Tensor notation:

Equation (6.52) can be written in tensor notation as

/ atw d) — / ijg§U;iw;k dQ + / ijg;ﬁunnkw dl’ + / bwdQ =0 (6.53)
Q Q r Q
or
/ auw d§) — / ijo';.u;iw;k dQ +/ quwdI’ +/ bwdQ =0 (6.54)
Q Q r Q

where G7* is the contravariant metric tensor for the spatial coordinate system.
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Finite element formulation:
E

We can now discretise the spatial domain into finite elements i.e., ) = UQe with [' =
e=1

F
U I'y. Equation (6.54) becomes
f=1

Z/auwdQ Z/Gﬂ’fo—zu wde+Z/qwdF+Z/bwdQ_0 (6.55)

e= 1Qe

If we now assume that the dependent variable u can be interpolated separately in space and

in time we can write

u(x,t) =, (x)u"(t) (6.56)

or, in standard interpolation notation within an element,

u(€t) = vy (&) uh () S (n, f) (6.57)

where uj (t) are the time varying nodal degrees-of-freedom for node n, global derivative £3,

¥P (&) are the corresponding basis functions and S (n, 3) are the scale factors.

We can also interpolate the other variables in a similar manner i.e.,

q(&,t) =¥ (§) ¢ (t)S(0,7)

a(€) = ¥} (§) 58 (7. 9) 658
& (&) = vy (€) 758 (p,0)

b(Ev t) - @Z)g (6) bpé (t) S (p7 5)

where ¢°, (t), a’s, "5 and Vs (t) are the nodal degrees-of-freedom for the variables.

For a Galerkin finite element formulation we also choose the spatial weighting function w

to be equal to the basis fucntions i.e.,

w (&) = vy, (§)S(m, ) (6.59)

Spatial integration:
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Adopting the standard integration notation we can write the spatial integration term in Equa-
tion (6.55) as

E a (V2 (&) u” n,
> [ et e (@) O 15 o ()8 (1, 17 (8)] e

E

jk(?x oge ot ovb 5 o&®
;/ & Oxd Qv Oe 7 (&) oz’
=10

9 (v (&) uf, () S (B,n)) 9™ O (V7 (€) S (a,m

)

/ 00 (€ )% (E)S (m,a) | ()] dé+

/=179

r 1
> [ blen v ©30ma) I @] dg =0 ©60)
e=1 0
where J (&) is the Jacobian of the transformation from the integration x to £ coordinates.

Taking values that are constant over the integration interval outside the integration gives

E 1

> il (08 (m,0)S(0.5) [ al€) i (€)w] (€)1 (€)] dé-
E 1 m o
>u S ms . [ EEOXEE g1 0 ags
S (1) /w )67 (€)1 (€)] de+
f=1
Zb” (m, ) S (p, 8 /1/10‘ (&) dE =0 (6.61)

where 7"* (€) is defined in Equations (6.26)—(6.28).



6.1. CLASSICAL FIELD CLASS

This is an equation of the form
Cu(t)+ Ku(t)+ f(t)=0

where
f({t)=Ngq(t)+Rb(t)

The elemental damping matrix, C%? | is given by

mn?

1

o8 = S (m,)'S (1, §) / 0 (€)% (&) U2 (€) |7 (€)] de

0

The elemental stiffness matrix, K2, is given by

mn?

1

m 8 m
K = 3 (m,a)S(n,ﬁ)/ on (&) vy (§)

ogr 08

7" (&) 1T (€)] dg

The elemental flux matrix, N7, is given by

mo?

N =S (m,) S (0,7) / 2 () (€)1 (€)] de

ad

and the elemental source matrix, Rmp,

R = S (m, ) (p. ) / 52 (6) 40 (€)1 (&) dé
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(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

(6.67)
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6.1.5
6.1.6
6.1.7
6.1.8

6.1.9

Helmholtz Equation

Wave Equation
Advection-Diffusion Equation
Reaction-Diffusion Equation

Biharmonic Equation

6.2 Elasticity Class

CHAPTER 6. EQUATION SETS
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6.2.1 Linear Elasticity

Finite element formulation of linear elasticity problems is
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6.2.2 Finite Elasticity
Kinematics

As shown in Figure 6.1, consider a material body which is a three-dimensional smooth manifold
with a boundary, B, which consists of a set of points which are refered to as material points.
Consider also an ambient space manifold, & € R". The material body is only accessible to the
observer when it moves through the ambient space. This motion is a time-dependent embedding
on the material body into the ambient space. The embedding is known as a placement of the
body. 1t is given by the mapping

K(X,t): B -6 (6.68)

The embedded submanifold occupying a location in the ambient space is is called a config-

uration of *8 and is given by
B, =k (B) =k (B, 1) (6.69)

The customary (but not necessary) reference placement is given by
Ko:B — & (6.70)

and the region of space occupied by the reference placement i.e., the reference configuration is
given by
B(] = R (%) (671)

Points in B, are denoted by capital letters i.e., X, Y, .... Points in B are denoted by lower case

leters i.e., z,vy, .. ..

A new configuration of ‘B is given by the deformation mapping
X:B—R? (6.72)

where a configuration represents a deformed state of the body. As the body moves we obtain a
family of configurations. If we hold X € B fixed can write V; (X) = V (X, t). We then have

Ox (X.) _ dxx (1

Vt(X>:V<X7t>: ot dt

(6.73)
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6.2. ELASTICITY CLASS

FIGURE 6.1
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Here V, is called the material velocity of the motion. The material acceleration of the body

is defined as
oV (X,t) B dVy (t)

ot dt

The spatial velocity of the motion is defined by v; and the spatial acceleration of the motion

At(X) :A(th) =

(6.74)

is defined by ay.
FIX BELOW

Consider the following line, area and volume forms in the reference configuration given by

dX = /det Gy dX* (6.75)
dV = \/det G, dX' NdX? NdX? (6.76)

the corresponding volume form in the current configuration

dv = /det gijdxl A ANdx” (6.77)
is given by
x'dv = JdV (6.78)

where J is the Jacobian of the mapping and is given by

_ [ detgi X’ (X)
TX) =\ qwe det< o 6.79)

Deformation Gradient

Let x : By — x(By) C & be a deformation configuration of B in &. The tangent of the
mapping i.e., T x is denoted as F' and is called the deformation gradient of x i.e., F = 7T x. For
X € By we have

Fx =F(X):TxB, = Tyx)6 (6.80)

If X! and z* are the coordinates on B, and & then the deformation gradient tensor with

respect to the coordinate bases are

X

F(X):F}(X)Gl®gi: X1 i

(6.81)
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Note that F' is a two-point tensor.

The polar decomposition

is given by
F=R- U=V R (6.82)

where U is the right stretch tensor, V is the left stretch tensor and R is the rotation tensor.

If we let the deformed coordinates be given by the position vector, z (x, t) then the defor-

mation gradient tensor with respect to the undeformed X coordinates is given by

0z
F(X) = X (6.83)
or, in component form, ‘ ,

IT= X1~ o¢r oX1

The deformation gradient tensor can also be used to map lines, area and volume forms

between the reference and current configurations and vice versa i.e.,

dr = FdX (6.85)
da=JFTdA (6.86)
dv = JdV (6.87)

where d X, dA and dV are the line, area and volume forms in the reference configuration

and dx, da and dv are the line, area and volume forms in the current configuration. .J is the
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det g
J =14/ o C det F (6.88)

The formula for mapping areas is known as Nanson’s formula and is given by

Jacobian and is given by

nda = Jy,NdA (6.89)

or
nda = JFTNdA (6.90)

where IN and d A are the unit normal and area form in the reference configuration, n and da

are the unit normal and area form in the current configuration and .J is the Jacobian.

Strain and deformation tensors

Strain and deformation tensors quantify the amount of strain or deformation i.e., the amount of

stretch or distance between material points.

There are three strain tensors in the material coordinate system. The right Cauchy-Green

(or Green) deformation tensor, C', is defined by

as the pullback of the spatial metric tensor i.e., C (X) = F (X) g (z) F (X)or C = F'gF

where x = x (X). In terms of coordinates we have

C=0,G'®9G’ =g,FiF)G'2 G’ (6.92)

If C is invertible we also have B = C~! where B is called the Piola deformation tensor.

We also have the Green-Lagrange strain tensor is given by the difference in metric tensors

(C(X)- @) (6.93)
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of, in component form
1
E=E,G'9G’ = 5 (Cry = Gry) G'® G’ (6.94)

There are also three strain tensors in the spatial coordinate sytsem. The left Cauchy-Green

(or Finger) deformation tensor, b, is defined by
b(z): Tax (B) = Tox (B) (6.95)

as the push forward of the material metric tensor i.e., b (z) = F (X) G (X)F (X)  or b =

FGF” where X = x~! (). In terms of coordinates we have
b=1blg,29, =G 'FiF|g,®g, (6.96)

The left and right Cauchy-Green deformation tensors get their left and right names from

their relationship to the left and right stretch tensors i.e., in cartesian coordinates
U=vC (6.97)

and

V=vb (6.98)
We also have ¢ = b~ where c is the Cauchy deformation tensor i.e.,
c = cijgi Qg (6.99)

The final spatial strain tensor is the Euler-Almansi strain tensor, e, is defined as the differ-

ence in metrics by

e(x): Tox (B) = Tox (B) (6.100)

and

1
2
- (6.101)
2
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where ¢ = b~'. In component form we have

e = eijgi ®gj =

CHAPTER 6. EQUATION SETS

1 ) .
—(9ij—cij)g' ® g’

(6.102)

Note that we have the following relationships between the deformation tensors and metric

tensors
Cb _ X*gb
Bt = X*gﬁ
Eb _ X* eb
1 b b
—(vg"— G )
2 (X g
ie.,
C'= F'¢gF

Bf =F 1¢'F T
E'= FTeF

or, in component form,
_ i
Cry = gijF |74 7

Bl — gij (F_l){ (F—l){

i J

— i pJ
E[J—el'jFIFJ

Stress tensors

Cb _ s Gb

b' = x: G*

eb _ X*Eb
1 b b

(¢ .G )

> (9 —x

Cb :FfTGbFfl

b= FG'FT

el) :FfTEbFfl

¢y =Gy (F7); (F7)]
b =G FF]
€ij = E[J (Fil)l (Fﬁl)j

2

(6.103)
(6.104)
(6.105)

(6.106)

(6.107)
(6.108)
(6.109)

(6.110)
6.111)
(6.112)

Stress is amount of force over an area. We can thus form a number of different stress tensors

depending on what configuration we base the force and the area in.

The Cauchy stress tensor, o, has both the force and area referred to the spatial configuration.

The Cauchy stress tensor is important as it quantifies the physical stress that exists in current
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configuration and can be measured. It is defined by
o(z): T.BxTB—R (6.113)

le.,
o(r)=0"g,®g, (6.114)
Cauchy’s law....

We can also define the Kirchoff stress tensor, T, by scaling the Cauchy stress by the Jacobian
le.,

r=Jo (6.115)

To find other stress measures we need to make use of Piola’s transform and idenity.

The Piola transform allows mapping of vector fields on the current configuration to equiva-

lent vector fields in the reference configuration. The transform is given by
Y =Jy'y=JF 'y (6.116)

where y is the vector field on the current configuration and Y is the equivalent vector field on

the reference configuration. In component form we have

I

YIi=J(F ).y (6.117)

Now if Y is the Piola transform of y then we have the Piola identity given by
DivY = Jdivyox (6.118)

where Div is the divergence operator in the reference configuration and div is the divergence

operator in the current configurtion.

Using the Piola transform we can construct two new stress tensors. If we apply the Piola
transform to the second index of the Cauchy stress tensor we obtain the First Piola-Kirchoff

Stress Tensor i.e.,

P=JF s (6.119)
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or, in component form,
P=Plg oG =J (F*l)jo—iﬂ'gi ® G (6.120)

The first Piola-Kirchoff stress tensor relates forces in the current configuration with areas in

the reference configuration. Note that P is a two point tensor and is not symmetric.

The relationship between Cauchy stress and the First Piola-Kirchoff stress is given by
o=J"'PF" (6.121)

If we now apply the Piola transform to the first index of the First Piola-Kirchoff stress tensor

we obtain the Second Piola-Kirchoff Stress Tensor i.e.,
S=JF'P (6.122)
or, in terms of the Cauchy stress,
S=JF 'oF " (6.123)
or, in terms of components

§S=5"G,®G,=J(F")!

2

(F—l)ja“’Gl G, (6.124)

The second Piola-Kirchoff stress tensor relates forces in the reference configuration with

areas in the reference configuration.

Note that the Kirchoff stress is just the push forward of the second Piola-Kirchoff stress i.e.,
T=FSFT (6.125)

and
S=F'vF T (6.126)

BIOT STRESS
COVECTED STRESSS

The relationships between the stress tensors are given in Table 6.1.
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| o r | P | 5 |
o - J 1T JIPFT | JIFSFT
T Jo - PFT FSFT
P| JoF T TF T - FS
S|JF'oF T |FleFr 1| F'P -
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TABLE 6.1: Reltionships between stress tensors.

For incompressible materials we need an additional volumetric stress. The hydrostatic stress
is a Cauchy stress and so we have

o, =—pg (6.127)

or in component form
o, =0/9:09;,=-p9"9,®g; (6.128)
where p is known as the hydrostatic pressure.
We can pull this stress back to give a second Piola-Kirchoff stress via the pullback operation

for a second order tensor i.e.,

S,=JF'o,F"=—-pJjC! (6.129)

or, in component form,

S,=S"G @G, = -JFpg'F/G 0 G, = —p] ()G oG, (6.130)

RESTRICTIONS ON STRESS TENSOR E.G. SYMMETRY

Constituative Relationships

The relationship between stress and strain is known as a consituative relationship. Materials
for which the constituative relationship is just a function of the current state of deformation are
known as elastic.
Hyperelasticity

For the special case whereby the work done by stresses during deformation is just a func-

tion of the initial configuration and the current configuration are known as hyperelastic. As a
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consequence hyperelastic materials are independent of the path of deformation and just depend
on a stored energy function or elastic potential, ).

WORK CONJUGATES: P and F, S and C/E.

The first Piola-Kirchoff stress tensor is thus a function of postion and the deformation gra-

dient tensor i.e.,
P=P (X, F (X)) (6.131)

In terms of the stored energy function we have

o (F (X),X)
P(X)= 132
(X) OF (X) (6.132)
or, in component form,
P:Pilgi®G[:a—wgi®G1 (6.133)
OF}

ABOVE IS NOT RIGHT IN TERMS OF POSITION OF INDICES.
The second Piola-Kirchoff stress tensor is thus a function of position and the right Cauchy-

Green deformation tensor (or, equivalently, the Green-Lagrange strain tensor) i.e.,
S=5(X,C (X)) (6.134)

Viscoelasticity
Plasticity

Anisotropy

In order to deal with anisotropy we wish to base our stress and strain calculation on fibre, v,
coordinates. To change our reference coordinate system from X to v we need to transform
F (X). As F (X) is a two point tensor the transformation rule for transforming just the refer-

ence coordinates is given by
F(v)=QF (X) (6.135)

where () is the rotation matrix from X to v i.e.,

.OXM . 9XM gai gk
Fa=a =5, OEk 9X M

(6.136)
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To allow for growth we use a multiplicative decomposition approach i.e.,
F(v)=F.(v)F,(v) (6.137)

where F', (v) is the growth tensor with respect to fibre coordinates and F'. (v) is the elastic
component of the deformation gradient tensor in fibre coordinates.

The elastic component of the deformation gradient tensor can be calculated from
F.w)=FWw)F, " (v) (6.138)

In component form we have
Fi = (F), (F)" (6.139)
and

A

(F.) = Fi(F,)5 (6.140)

The Jacobian of the growth component of the deformation is given by .J, = det F', (v) and
the Jacobian of the elastic component of the deformation is given by J, = det F', (v).
The right Cauchy Green deformation tensor in fibre coordinates is now given by the pullback

of the current configuration metric tensor, g,

C(v)=F. (v)gF.(v) (6.141)
In component form we have
Cap = gij (F.)'y (F.)} (6.142)
and .
Eap = 3 (Cap — Gap) (6.143)

To find the stress tensors in deformed coordinates we need to push the second Piola Kirch-
hoff tensor in the reference coordinates forward to the deformed coordinates, x, to give the

Kirchhoff stress tensor, 7 (x). The push foward is given by

T(z)=F.(v)S (W) F. (v) (6.144)
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The Cauchy stress tensor, o (x), can then be calculated from the Kirchhoff stress tensor

using the Jacobian of the deformation i.e.,

o(x)=J"'7(x)=J."'F.(v)S (v)F." (v) (6.145)

In component form we have

7 = (F.), TP (F.)], (6.146)
and
o = J. N (F) R TPC (F.), (6.147)

Elasticity Tensors

If P (X, F) is the first Piola-Kirchoff constituative function that depends on X and the defor-
mation gradient tensor F'. The first elasticity tensor, A, is given by

OP
A=_—_ 14
o7 (6.148)
or aP‘A
AR = (6.149)
OFY,

Note that A is a two-point tensor.

If S (X, C) is the second Piola-Kirchoff constitutive function that depends on X and the

right Cauchy-Green strain tensor C'. The second elasticity tensor, C, is given by

C-— % (6.150)
or 6 AB
CABCD — o (6.151)

~ 9Ccp
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We can derive a relationship between A and C. Differentiating
P=FS

or
PiA _ FésBA

with respect to the deformation gradient tensor gives

O™, 959 9Cpp | IFE o4

oFl “0Cpp OF. OFY,

Now
Cprp=F ll)F Egzk

and so
0Cpg

_ Bk, | sB
8F]§ = 0pFrgik + Fpogai;

Substituting this into the above equation gives

8PiA . :
g7 = OO (95 Figi + Fpogau) Fi+ TO40107
B

— CCABEFE'Fé'g]k 4 CCADEFll)Féglj + TBAé;
Now, using the symmetries 48 = CCAEB and TAB = T54 we have
A—2C.F-F-g+S8S®I

or
AAB = 2CCAPBEEEL gy + TAPS!
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(6.152)

(6.153)

(6.154)

(6.155)

(6.156)

(6.157)

(6.158)

(6.159)

Now, we can also define the first spatial elasticity tensor, a, and the second spatial elasticity
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tensor, ¢, using push forwards and Piola transforms of A and C respectively i.e.,

1

a=—Y A

g (6.160)
c=—-x.C

g

or
aikl 1 Fk Fl AiAB
i A* BYy

cog (6.161)
Czykl — jF,ZFZE;FgFBCABCD

The relationship between a and c is given by

a=2c-g+oxl (6.162)

or

aékl = cikngmj + ak15§ (6.163)

There is also a relationship between A and a known as the Piola identity i.e.,
Vx - (A-U)=JV, (a-u) (6.164)

where
u= U (6.165)

ij
Note that the tensor c is different to C in that it is not given by

y ow
and o 5&28 —. They

Ckl Cij
are instead given by
y Ho'td
cikl — 7 (6.166)
091
and oW
o9 =2 (6.167)

B agij
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6.2.3 Principle of Virtual Work

Consider a configuration, defined by a displacement field u, of some deformable body, B, sub-
ject to some displacement boundary conditions u = u over some part of the boundary 0B, and

some traction boundary conditions t = o - n = t over some part of the boundary ;. Note
that 9B, N 0B, = 0 and OB, U B, C 0B.

We wish to find the displacement field w which satisfies the deformation boundary condi-
tions where they are applied and the equations of motion and the traction boundary conditions
where they are applied. A displacement field w which satisfies the displacemnet boundary con-
ditions where they are applied but whose resulting stress field does not necessarily satisfy the
equations of motion or the traction boundary conditions where they are applied is known as
a kinematically admissable displacement field. Similarily, a stress field o which satisfies the
equations of motion and the traction boundary conditions where they are applied but whost
resulting displacement field does not necessarily satisfy the displacement boundary conditions

where they are applied is known as a statically admissable stress field.

For a statically admissable stress field o conservation of momentum gives us the equations
of motion i.e.,
/padv:/ (V-o+b)dv (6.168)
B B
where a is the acceleration of the body and b are the body forces. If we now multiply by the

equations of motion by a kinematically admissable displacement field « we obtain

/pa~udv:/(v-a+b)-udv

B B

:/(V-U)-udv+/b-udv

B B

(6.169)

Now, by the vector identity

Vi(o-u)=(V-o) - uto’: Vu (6.170)
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we have
(V-o)-u=V:(oc-u)—0c:Vu (6.171)

T

as the stress tensor, o, symmetric and so 0° = o. Equation (6.169) becomes

/pa~udv:/(V~(a~u)—a:Vu)dv+/b~udv

B B B

(6.172)
:/V~(a~u) dv—/a:Vudv—i—/b-udv
B B B
Applying the divergence theorem to the first integral on the right hand side gives
/V~(0'~u) dU:/ (o -u) -nda
o o5 (6.173)
= / (o-n)-uda
B
or, by Cauchy’s law, t = o - n, we have
/V~(a~u)dv:/t~uda (6.174)
B B
Equation (6.169) thus becomes
/pa-udv:/t-uda—/U:Vudv+/b-udv (6.175)
B B B B
or
/pa-udv+/U:Vudv:/t-uda+/b-udv (6.176)
B B B B
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Taking the boundary conditions into account we have

/pa-udv+/0':Vudv:/t-ﬂda+/i-uda+/b-udv (6.177)
B

B B OBy 0Bt

If we now consider a second kinematically admissable displacement field u* then the above

equation will also hold i.e.,

/pa-u*dv+/a:Vu*dv:/t-uda+/t~u*da+/b-u*dv (6.178)

B B aBu 8815 B

Now, subtracting Equation (6.178) from Equation (6.177) gives us

/ pa-(u —u*) dv+/ o:V(u—-u")dv= / t-ﬂda+/ t-(u—u") da+/ b-(u —u*) dv
B B 0B, 0B, B
(6.179)

If we now define the virtual displacements as éu = u — u* and note that du = u — u* =

u — u = 0 on 0B, then we have

/pa-éudv+/a:V5udv:/t-5uda+/b-5udv (6.180)
B B B, B

This is known as the Principle of Virtual Work i.e., when a deformable body undergoes

some virtual displacement, du, the kinetic work, Wy, (du), plus the internal work, Wi, (du),
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is balanced by the external work, We,; (0u), where

Whin (du) = / pa - du dv
B

Wint (du) = / o :Voudv
B (6.181)

Wemt (511,) = Wsurf (5'“') + Wbody (511,)

:/t-éudaJr/t-5uda+/b(u)-5udv
B

OB, 0B,

where W, (u, du) is the external work due to surface forces and Wj,q, (u, du) is the external

work due to body forces.

Note that the internal work is often writen in terms of virtual strain instead of virtual dis-

placement. Consider

Viu = % (Vou+ (Vow)?) + % (Vou - (Vou)")
—5 B (Vu v (wf)] +o E (Vu _ (Vu)T)] (6.182)
= e + dw

where € is the small strain tensor and w is the small rotation tensor. The internal work is now

given by

Wint (u, 0u) = / o(u): Véiudv
B

/ o (u): (0e+ dw) dv (6.183)

N

a(u):éedv+/ o (u):dwdv
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Therefore
Wint (u, d€) = / o (u):dedv (6.184)
B

as the stress tensor is a symmetric tensor and the small rotation tensor is a skew-symmetric

tensor and the double dot product between a symmetric and skew-symmetric tensor is always

Zero.
In terms of strain the principle of virtual work can thus be stated as

/pa-éudv+/a:56dv:/t-éuda+/b-5udv
B

(6.185)

B 0B B

TALK ABOUT WORK CONJUGACY AND SHOW OTHER CONJUGATE FORMS

The internal work can also be expressed in the undeformed manifold in terms of the 2"

Piola-Kirchoff stress, S and the Green-Lagrange strain tensor, F, i.e.,

Wint (u,0E) = / S (u):0EdV

Bo

(6.186)

Considering the external surface work it is often the case that this is due to an external

pressure. Thus the traction is given by
t = Pt (6.187)
where p..; is the applied external pressure and 7 is the unit normal vector to the surface element

da. Now if the surface is parameterised by the coordinates £ and 7 then

Jdxr Oz
da =||— x —|| d¢ Adnp (6.188)
‘ 9 Il
and the unit normal is given by
or Oz
o¢ " an
I (6.189)

n= oxr Ox
— X
oc  On
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where x are the coordinates in the current configuration i.e., * = X + u.

The external surface work is thus given by

Wsurf (uape:vta 5’“/) = / pe:vt'ﬁ' (u> -duda
OB

:c &’B
on &v ox
//pm &’c &’c 5“' o¢ " oy
an |,

//pm(&” a’”) Sude Adn
/ / peaims (1) - S dé A dy

where n is the normal direction (non-normalised) i.e.,

gz oz
o On

n —

The body force is due to the effect of gravity on the body i.e.,

b=pg

dé Adn
2

(6.190)

(6.191)

(6.192)

where p is the density of the current configuration and g is the acceleration vector due to gravity.
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The external body work is thus given by

Whody (u, du) = / b(u) - dudv

B
= / pg - dudv
s (6.193)
= / J p—JOg dudV
Bo
= / pog - dudV
Bo
where pg is the density in the reference configuration.
(6.194)

Cijkl _ J_leFéFgFBCABCD
If we now just consider the external traction part. For the case where the external traction is

given by a fixed external pressure we have

/f~5uda:/pext'ﬁ,-5uda
OB

(6.195)

0B

where 1 is the unit normal to the surface element da. Now if the surface is parameterised by

the coordinates ¢ and 7 then

Jdxr Oz
da = ||— x —|| d{ Adn (6.196)
’ o5 Inl|ly
and the unit normal is given by
or Oz
o " oy
'] (6.197)

n= oxr Ox
- >< -
0§ On

2

We thus have
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The directional derivative of 6W,; (w, pest, du) is given by

D (5We:vt (u7pemt7 5“’)) [A’U,, Ape:vt] - // (pe:vtn : 5“’ + Ape:vtn : 5“’ + pemtAn : 5“) df/\d?]

&
(6.198)

For problems where p,,; is not part of the solution procedure then Ap,,; = 0 and thus

D (0Wert (W, Pest, Ou)) [Au] = // (PextT - OU + Pegt A - du) dE A dn (6.199)
&

The directional derivative of the normal vector is given by

B OAu Ox O0Au Ox

and thus we have

OAu Ox O0Au Ox
D (0W Aul = . L LT T ).
(5 ext (u7pemt75u))[ U] // <pemtn 5u+pe:vt< ag X 877 an X 8§> 5“’) df/\dﬁ
S|

(6.201)

The transformation rule for a triple product is
a-(bxe)=b-(cxa)=c-(axb) (6.202)

and so we have

0Au Ox O0Au Ox
D (5We:vt (u,pemt,(Su)) [AU] = // <pemtn -ou —|—peg;t <a—§ X 8_7] — 8—7] X a—§> . 5’11;) dg A d?7
S|

ox 0Au ox 0Au
_pe:vt// <n5u+<8—nx5u)a—£—<a—€xéu)a—n) df/\d?]
&
(6.203)

Now Equation (6.203) is, in general, non-symmetric in terms of Aw and du. This will

equate to a non-conservative force.
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Consider now the directional derivative of the incompressibility constraint i.e.,

1

D / (7 (Gu) — 1) 6% (€)S (m, ) Jis (€) dE | [Ang)

— S(m,a) / (] — 1) V9 (&) Jis (€) de

0

(6.204)
6.2.4 Finite Element Formulation
Residual
The residual statement is given by
R =4Il (u,du) =0 (6.205)

Firstly, consider the displacement, u, between the reference/material coordinates, @, and the

current/spatial coordinates, z. The displacement is defined by

Uu=2z2—mx (6.206)
and thus
u=96(z—X)
=0z —0X (6.207)
=0z

as there is no variation in the original reference configuration X.

The variational statement is

/(0'+0'p):V6udv:/t-6uda+/b-5udv (6.208)
B 0B, B
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or

/U:V(Fuvar/Up:Véudv:/f-éuda+/b-5udv (6.209)
B B OB, B

In component form, we have

/a"jéuj;idij/a;jéuj;idv:/bjéujdv+/tj5ujda (6.210)
B B B oB

The first integral on the left hand side of the virtual work statement is

/ aijéuj;i dv = / o' (5%‘7@- - F?ﬁuk) dv

o B 25 6.211)
= / lopd < axij —T?ﬁuk) dv
B

and thus the second integral on the left hand side is

/ o5, du = / o (% _r;gauk) dv (6212)
B B

If we now substitute 0u = dz and convert the left hand side of the virtual work statement

from an integral with respect to spatial coordinates to an integral with respect to & coordinates

we obtain
i [ O0u; i [ 002

/crj ( 8:10@'] —Ffiéuk) dv = / o" (8—:10@] —T?iézk) dv

B B
1 (6.213)

ij 9§ 00z (§)
= [0 (550 - rhon (@) Ju o) ag

0

Note that in rectangular cartesian coordinates Fg‘?l- = 0 V4, j, k. In addition it is not necessary

to transform either the Cauchy stress tensor or gradient of the virtual displacements so that
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the components are with respect to & coordinates. What is important is that the stress and
displacement are with respect to the same coordinate system. Because the gradient of z is
with respect to « coordinates then o needs to be with respect to @ coordinates. As there is no

coordinate transformations the Christoffel symbols are all zero and can be dropped.

The second integral on the left hand side is thus

1
[ o (G~ rione) av= [ o G5 e e a (6214)
B 0

ox’ oxt  O¢!

The right hand side of the virtual work statement is

/bjéujvar/tjéujda:/bjézjvar/tjézjda+/ Pnjézjda

) B B OB; oBp
_ / b (€) 0z (€) Js (€) dE

(6.215)

1

+ / £ (€)62, (€) Js (€) de

+/ P(&)n? (§)dz; (&) Js (&) d&

0

where P is the applied surface pressure.

If we now use basis functions to interpolate the virtual displacements i.e.,

62j (&) = 15, (§) 02,5 (m, a) (6.216)
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which, assuming rectangular cartesian coordinates, gives for the first left hand side integral

[ 06 005 (€) O f o 060 (U8, (6) 3 8 (m, )
[ o @5 e e de = [ o @) 5 e Js (€) de
0
1

0

g s,
= [ g i E sy om ) s (e e

0

N
=02, (m,a)/ o’ (§) ajlz wggl@)JB (&) d§

0

(6.217)

and for the second left hand side integral

[ 0 S50 g6 g =5 ma) [ o 0 G s €) ae 6219

0 0

and for the first integral on the right hand side integral we have

1

/ b (€)62, (€) Jn (€) dé = / b (€) 65, (€) 5218 (m. ) Jis (€) dE

L (6.219)
=518 (m.) [ (012 (€) Jn (©) e
0
and for the second integral on the right hand side we have
[ #(©52 (€7 (©) de = [ £()05,,(6) 558 (m.) Ju (€) de
° 0 (6.220)

1

=68 () [ (€ wir (€) Js(€) d

0
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and for the third integral on the right hand side we have

1

/ P (&) (€) 62 (€) Js (€) dE = / P (&)1 (€) 45, (€) 5215 (m. ) Ji (€) de

0

(6.221)

1

=618 () [ P (€0l (€) Jn (6) e

0

This can be formulated as
ritaz, =0 (6.222)

where the residual vector is thus given by

e =stme) | [ (@825 1w e v @) v ©) ssie) a

- / P(&)n? (€)¢i (&) Js (&) dE | (6.223)

0

Now, as the virtual displacements are arbitrary we have the residual statement

i = (6.224)

In order to handle incompressible materials we need an additional constraint which penalises
change in volume. The change in volume is given by

Ay - Vdetg (6.225)

JgvVdet G
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and the residual equation is

P / (AV (&) — 1) 9007 (€)S (1, ) Js (€) A&
0 (6.226)

g / det g (E) (N+1)a 7 q
m, m € B E €
( )0/ (Jy (&) €3] 1) v &7 (&)

det G

where N is the number of dimensions.

Jacobian

In order to solve the nonlinear system of equations a Newton scheme can be used. To calculate
the Jacobian of the system we need to calculate the variation of the virtual work statement. The
Jacobian is given by the derivative of the residual equation in the direction of a change in w,
Aw i.e., the Lie derivative of the residual vector in the direction Aw.

This requires a linerization. A linearisation of a function f () in the direction of Ax is

d
Lo (f)[Az] = = f (2 + eAz)|_o = f (z) + D (f (2)) [Az] (6.227)
The linearization of the residual equation is given by

D (0TI (u, du)) [Au] = D (0Wins (w, du) — 0Weyy (w0, du)) [Au]

(6.228)
= D (dWint (w,0u)) [Au] — D (Wey (u, 0u)) [Aul

For the directional derivative of the internal work variation it is useful to consider the internal

work in terms of second Piola-Kirchoff stress and the Green-Lagrange strain i.e.,
D (0Wipi (u, 6u)) [Au] = D / S(E(u)):0FE (6u) AV | [Au]
0

_ / (S (E (w)): D (5E (6u)) [Au] + D (8 (E (w))) [Au] : 6E (5u)) AV
Bo
(6.229)
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(SPLIT T INTO DEVIATORIC PART PLUS HYDROSTATIC STRESS)
Now, d E (du) can be found by pulling back de (du) i.e.,

SE (0u) = F'ée (0u) F

= FT% ((Vméu)T + Vméu) F

— % (FT(Vméu)TF + FTdeuF> (6.230)

_ % ((Vx0u)"F + F"Vxbu)

= sym (FTVX5u)

Now, recall that

ou
F:I+6—X:I+qu (6.231)
and so
D (F)[Au] = VxAu (6.232)

We thus have

D (§E (6u)) [Au] = D (sym (F"Vxdu)) [Au]
— sym (FTD (Vxou) [Au] + (D (F) [Au])TVX5u>

= sym (0 + (VXAu)TVX5u> (0:233)
= sym ((VXA'U,)TVX(SU)
as du is independent of w and is this unaffected by the directional derivative (CHECK).
We also have
D (E (6u)) [Au] = sym ((VXAU,)TF) (6.234)
(DERIVE).
. D (s (8 (@) () = 2 (5 () 2 (6.235)
9E () .

The derivative of the stress tensor with respect to the strain tensor is the fourth order elas-
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ticity tensor (sometimes called the stiffness tensor) i.e.,

C= 85’8;]E) (6.236)
or in component form .
CABOD — gg— (6.237)
cD
Thus we have
S(E (w)): D (OE (5u)) [Au] = 8 (E (uw)) : sym ((vXAu)Tvxau)
= S (E (u)) : (VxAu) Vxiu (6.238)
=Vxou: VxAuS (E (u))
as A: BTC =C : BA,and
D (S (E (w)) [Au] : E (6u) — %(S)L» . D (SE (5u)) [Au] : 6 (5u)
(6.239)

= C:sym (FTVXA'U,) : Sym (FTvxéu)
= F'"Vxéu:C: F'VxAu

asA: B=B:A.
Putting this together gives

D (Wi (, 5w)) [Au] = / (Vxou: VxAuS (E () + FTVxou : C: FTVxAu) dV

Bo
(6.240)

or, in component form,

dou; OAu; dou; 9Au
D <5Wznt (ui7 5u2>) [Au]] = / (axB 8XDJ 0 JTBD + FAaxB CABCDFé aXl;) dv

Bo

D0U; ¢ iiBD apcpy OAuU;
—/(aXB 5977 ¢ Py cner) 92 ay

Bo
(6.241)
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Now, consider the directional derivative of the internal work variation in the current config-

uration i.e., with respect to cauchy stress and ??? strain
D (Wit (w, 6u)) [Au] = D / o(e(u)):de(du) dV | [Au]
0

= / (o (e(u)): D (de(0u)) [Au] + D (o (e (u))) [Au] : de (du)) dV
0 (6.242)

We can now use a push forward operation to find the directional derivative of the Cauchy

stress in terms of the results from the directional derivative of the second Piola-Kirchoff stress

o (e(u) =J 'x. (S (E (u)))
D (o (e (w))) [Au] = I~ (D (S (B (w) [Au) oo
D (ée (6u)) [Au] = x. (D (6 E (0u)) [Au])
0€ (du) = x« (0F (du))
Now,

D (o (e (u)))[Au] = J "X, (D (S (E (u))) [Au])
=J '\ (C: F'VxAu) (6.244)
=J'F(C: F'VxAu) F"

The push forward of the fourth order elasticity tensor is
c=J "' (C) (6.245)
In component form this is
M = JTUFFLFEF]LCAPOP (6.246)

Now, consider the directional derivative of the internal work variation in the current config-
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uration i.e., with respect to cauchy stress and ??? strain

D (Wit (u, 6uw)) [Au] = (B/ : 0€ (bu) dV) [Au]

= [ (o e ) D (e () (30 + D (o (e () [ <G (5u) 4V
Bo
(6.247)

We can now use a push forward operation to find the directional derivative of the Cauchy

stress in terms of the results from the directional derivative of the second Piola-Kirchoff stress

o (e(u)) =J x. (8 (E (u)))
D (o (e () [Au] = J " x. (D (S (B (w) [Au) oo
D (6 (6u)) [Au] = x. (D (6 E (6u)) [Au])
0€ (du) = x« (0F (du))

Now,

D (o (e(w)))[Au] = J 'x. (D (8 (E (u))) [Au])
=J '\, (C: F'VxAu) (6.249)
=J'F(C: F"VxAu) F"

The push forward of the fourth order elasticity tensor is

c=J "\ (C) (6.250)

In component form this is

ikl _ J’lFiFéFgFll)CABCD (6.251)
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Putting this together gives

D (Wit (u, 6u)) [Au] = / (Vzou : VoAuo (e (u)) + Vidu : c: ViyAu) dv o (6.252)
B

or, in component form,

D (6Wint (us, 0u;)) [Auy] =

dou; OAu; W Qou; 4y OAU
(&rk ozt o 00 8xkc ozt dv
(6.253)

00w ¢ i i OAU,
(G ot e ) an

/
gl

6.2.5 Constituative Laws

The constituative law can then be used to derive the second Piola Kirchhoff stress tensor in
fibre coordinates, S (v), from either the right Cauchy-Green deformation tensor or the Green-

Lagrange strain tensor i.e.,

oW (C (v))

S W) =250, (6.254)
S () - Wgéib;lf’)’)) (6.255)

where W (C (v)) or W (E (v)) is the strain energy function. In component form we have

SAB — 9 (,ng (6.256)
or 6W
SAB — (6.257)

 OFEap
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Because C'is symmetric then we can deal with the invariants. The three invariants are

[1:tI'C

= (1 + Oy + Css

I, = % ((tr C)’ —tr C?)

= % ((Ch1 + Coy + Ci3)°
— (CF) + C12051 + C13C31 + Co1Chz + C3, + Co3Cs2 + C31Clh3 + C32Co3 + C) )
I3 =det C
= (1105033 + C12053C5 + C13C5Cso
— (1309 C51 — U505 C33 — C11C93C'39

(6.258)
We thus have W (C (v)) = W (I3, I3, I3) and thus
ow oI oW oI oW oI
SAB =2 ! 2 & 2
(8[1 0Cup 0L 0Cap | 0l 9Cap (6:259)
or if we have W (E (v)) = W (I, I5, I3) and thus
oW oI oW ol oW oI
SAB — L 2 > 2
<8[1 0EAn | 0L 0Ean 0L, 0Fan (6.260)
Now we have
51 100
1
= 261
9Cn 010 (6.261)
0 01
and
oI Co+C33  —Cy —Cs
2 = —Crz Cnu+0C;  —COx (6.262)
OCap

—C3 —Cls Ci1 + Cy
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and
CY22CYB3 - CY236(32 CY236(31 - C(216133 C(236132 - CY226(31

013032 - 012033 011033 - C1136(31 C1126(31 - 011032 (6263)
CY126132 - C22C31 CY136(23 - C(116123 C(116122 - CY126(21

o1,
OCap

Mooney-Rivlin
As an example consider a Mooney-Rivlin material. The strain energy function is given by

W (I, I) = ¢y (I — 3) + ¢3 (I — 3) (6.264)

The second Piola Kirchhoff tensor is thus

2¢1 + 2¢9 (Cag + Cl3) —2c9C% —2c,C'
SAB = —202012 201 -+ 202 (CH -+ Cg3) —202032 (6265)
—2c5Ch13 —2c9C593 2¢1 + 2¢2 (Chy + Ca)
or
c1 + ¢ (Fy + Es3) —CoFoy —ca b3y
SAB = —CQE12 (&1 + Co (Ell + E33) —62E32 (6266)
—co b3 —CoFa3 c1+ co (B + Eao)

6.3 Uniaxial extension of a unit cube

Consider a uniaxial stretch of a of a unit cube in the = direction. The resulting deformed

configuration will be a cube of dimensions X, Y and Z.

Here the deformation gradient tensor will be

l1+a 0 O
F = 0 10 (6.267)
0 0 1
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everywhere, and the Jacobian of transformation will be

J=det F =1+« (6.268)

The right Cauchy-Green tensor will be

I+a 0 0] [14+a 0 0 (1+a)*> 0 0
C=F'F=| 0 10 0 1 0|= 0 10 (6.269)
0 01 0 0 1 0 01
And the Lagrange strain tensor will be
' (1+a) 0 0 100 a+< 00
E=;(C-I)=; 0 1ol—fo1ol|l=] o 10| 6270
0 0 1 0 01 0 01
The Finger strain tensor is thus
1
(1+a)? 0
f=C'=1] 0 10 (6.271)
0 0 1
The second Piola-Kirchoff stress tensor will be
[2¢1 4 2¢, (Ca + Cls3) —2c9C% —2c,C'
S = —2¢5C9 2¢1 + 2¢5 (Chy + Css) —2¢9C39
—2cC13 —2c9C93 2¢1 + 2¢9 (Ch1 + Cyo)
3 (6.272)
201 -+ 402 0 0
— 0 2¢1 + 205 ((1+a)® +1) 0
0 0 2c1 + 205 ((1+a) +1)
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and the Kirchoff stress tensor will be

T=FSF"
[1+a 0 0] [2e +4e 0 0 l+a 0 0
=1 0 10 0 2c1 + 205 ((L+a)* +1) 0 0 10
L 0 01 0 0 2e0 426 (1+a)?+1)] | 0 01
[(2¢1 + 4¢3) (1 4 a)? 0 0
— 0 2c1 +2¢5 ((1+a) +1) 0
I 0 0 2c1 + 26, (14 @) +1)
(6.273)
The Cauchy stress tensor is thus
(2¢1 +4cr) (14 «) 0 0
2
o= 5 - 0 Zer2es (1) +1) 0 (6.274)
0 0 201+202$:_1;ra)2+1)
The Cauchy tensor resulting from hydrostatic pressure is
p 0 0
o,=pl=10 p O (6.275)
0 0 p

6.3.1 Old Stuff

Formulation of finite element equations for finite elasticity (large deformation mechanics) im-
plemented in OpenCMISS is based on the principle of virtual work. The finite element model
consists of a set of non-linear algebraic equations. Non-linearity of equations stems from non-
linear stress-strain relationship and quadratic terms present in the strain tensor. A typical prob-
lem in large deformation mechanics involves determination of the deformed geometry or mesh
nodal parameters, from the finite element point of view, of the continuum from a known un-
deformed geometry, subject to boundary conditions and satisfying stress-strain (constitutive)

relationship.
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The boundary conditions can be either Dirichlet (displacement), Neumann (force) or a com-
bination of them, known as the mixed boundary conditions. Displacement boundary conditions
are generally nodal based. However, force boundary conditions can take any of the following
forms or a combination of them - nodal-based, distributed load (e.g. pressure) or force acting
at a discrete point on the boundary. In the latter two forms, the equivalent nodal forces are
determined using the method of work equivalence (?) and the forces so obtained will then be
added to the right hand side or the residual vector of the linear equation system.

There are a numerous ways of describing the mechanical characteristics of deformable ma-
terials in large deformation mechanics or finite elasticity analyses. A predominantly used form
for representing constitutive properties is a strain energy density function. This model gives the
energy required to deform a unit volume (hence energy density) of the deformable continuum
as a function of Green-Lagrange strain tensor components or its derived variables such as in-
variants or principal stretches. A material that has a strain energy density function is known as
a hyperelastic or Green-elastic material.

The deformed equilibrium state should also give the minimum total elastic potential energy.
One can therefore formulate finite element equations using the Variational method approach
where an extremum of a functional (in this case total strain energy) is determined to obtain
mesh nodal parameters of the deformed continuum. It is also possible to derive the finite ele-
ment equations starting from the governing equilibrium equations known as Cauchy equation
of motion. The weak form of the governing equations is obtained by multiplying them with
suitable weighting functions and integrating over the domain (method of weighted residuals).
If interpolation or shape functions are used as weighting functions, then the method is called
the Galerkin finite element method. All three approaches (virtual work, variational method and
Galerkin formulation) result in the same finite element equations.

In the following sections the derivation of kinematic relationships of deformation, energy
conjugacy, constitutive relationships and final form the finite element equations using the virtual

work approach will be discussed in detail.

Kinematics of Deformation

In order to track the deformation of an infinitesimal length at a particle of the continuum, two

coordinates systems are defined. An arbitrary orthogonal spatial coordinate system, which is
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fixed in space and a material coordinate system which is attached to the continuum and deforms
with the continuum. The material coordinate system, in general, is a curvi-linear coordinate
system but must have mutually orthogonal axes at the undeformed state. However, in the de-
formed state, these axes are no longer orthogonal as they deform with the continuum (fig 1). In
addition to these coordinate systems, there exist finite element coordinate systems (one for each
element) as well. These coordinates are normalised and vary from 0.0 to 1.0. The following
notations are used to represent various coordinate systems and coordinates of a particle of the

continuum.

Y1-Y5-Y; - fixed spatial coordinate system axes - orthogonal
N1-N5-Nj3 - deforming material coordinate system axes - orthogonal in the undeformed state

=1-=9-=3 - element coordinate system - non-orthogonal in general and deforms with continuum

x1-T9-x3 [x] - spatial coordinates of a particle in the undeformed state wrt Y;-Y5-Y5 CS
21-22-23 [ 2] - spatial coordinates of the same particle in the deformed state wrt Y;-Y5-Y5 CS
v1-V9-13 [V] - material coordinates of the particle wrt Ni-Ny-N3 CS (these do not change)

£1-69-&5 [€] - element coordinates of the particle wrt =;-=5-=3 CS (these too do not change)

Since the directional vectors of the material coordinate system at any given point in the
undeformed state is mutually orthogonal, the relationship between spatial & and material v co-
ordinates is simply a rotation. The user must define the undeformed material coordinate system.
Typically a nodal based interpolatable field known as fibre information (fibre, imbrication and
sheet angles) is input to OpenCMISS. These angles define how much the reference or default
material coordinate system must be rotated about the reference material axes. The reference
material coordinate system at a given point is defined as follows. The first direction 1/ is in the
&, direction. The second direction, 15 is in the £&; — &, plane but orthogonal to v;. Finally the
third direction v is determined to be normal to both v and v5. Once the reference coordinate
system is defined, it is then rotated about 3 by an angle equal to the interpolated fibre value at
the point in counter-clock wise direction. This will be followed by a rotation about new 15 axis
again in the counter-clock wise direction by an angle equal to the sheet value. The final rotation
is performed about the current v; by an angle defined by interpolated sheet value. Note that

before a rotation is carried out about an arbitrary axis one must first align(transform) the axis of
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rotation with one of the spatial coordinate system axes. Once the rotation is done, the rotated

coordinate system (material) must be inverse-transformed.

Having defined the undeformed orthogonal material coordinate system, the metric tensor
9 can be determined. As mentioned, the tensor — contains rotation required to align material

v v
coordinate system with spatial coordinate system. This tensor is therefore orthogonal. A similar
metric tensor can be defined to relate the deformed coordinates z of the point to its material
coordinates v. Note that the latter coordinates do not change as the continuum deforms and
: . : . 0z .
more importantly this tensor is not orthogonal as well. The metric tensor, % is called the
v

deformation gradient tensor and denoted as F'.

s
v

It can be shown that the deformation gradient tensor contains rotation when an infinitesimal

(6.276)

length drq in the undeformed state undergoes deformation. Since rotation does not contribute
to any strain, it must be removed from the deformation gradient tensor. Any tensor can be
decomposed into an orthogonal tensor and a symmetric tensor (known as polar decomposition).
In other words, the same deformation can be achieved by first rotating dr and then stretching
(shearing and scaling) or vice-verse. Thus, the deformation gradient tensor can be given by,

0z

— =RU=VR, (6.277)
ov

The rotation present in the deformation gradient tensor can be removed either by right or left

F

multiplication of F'. The resulting tensors lead to different strain measures. The right Cauchy

deformation tensor C' is obtained from,

C = [RU]"[RU] =U"R"RU = U"U (6.278)

Similarly the left Cauchy deformation tensor or the Finger tensor B is obtained from the

left multiplication of F’,

B=|VR||[VR|" =VR RV =vVT (6.279)

Note that both R and R, are orthogonal tensors and therefore satisfy the following condition,
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R"TR=R,R,"=1 (6.280)

Since there is no rotation present in both C' and B, they can be used to define suitable strain

measures as follows,

1 /02702 0x"ox 1

2 (81/ ov ov 81/) 2(C ) (6:281)
and
1 oz 9z T\ 8z 02T\ 1
_ ) (Y _ (== - _(I-B! 282
© 2{(81/81/ ) (81/61/ ) 2( ) (6:282)
N : ox .
where FE and e are called Green and Almansi strain tensors respectively. Also note that 9 is
v

an orthogonal tensor.

It is now necessary to establish a relationship between strain and displacement. Referring to

figure 1,

z=x+u (6.283)

where w is the displacement vector.

Differentiating Equation (6.283) using the chain rule,

Jdz Ox Oudx ou\ Ox

8_1/:6_1/+8—:E8_V:(I+8—m)6_1/ (6.284)
Substituting Equation (6.284) into Equation (6.281),

1| ox™ ou\" ou\ Ox

E:E{a—y <”a_m) <”a_m)a_y‘f} (6.285)
Simplifying,
19z” fou  ou’  ouTou\ ox
_ 10 (% TR %) - (6.286)
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As can be seen from Equation (6.286) the displacement gradient tensor g—z is defined with
respect to undeformed coordinates . This means that the strain tensor E has Lagrangian
description and hence it is also also called the Green-Lagrange strain tensor.

A similar derivation can be employed to establish a relationship between the Almansi and

displacement gradient tensors and the final form is given by,
1ou ou’ ou'ou

The displacement gradient tensor terms in Equation (6.287) are defined with respect to de-
formed coordinates z and therefore the strain tensor has Eulerian description. Thus it is also

known as the Almansi-Euler strain tensor.

Energy Conjugacy
Constitutive models
Principle of Virtual Work

Elastic potential energy or simply elastic energy associated with the deformation can be given
by strain and its energetically conjugate stress. Note that the Cauchy stress and Almansi-Euler
strain tensors and Second Piola-Kirchhoff (2PK) and Green-Lagrange tensors are energetically
conjugate. Thus, the fotal internal energy due to strain in the body at the deformed state (fig.

3.1) can be given by,

Wint = / (e:o)dv (6.288)
0
where e and o are Almansi strain tensor and Cauchy stress tensor respectively.
If the deformed body is further deformed by introducing virtual displacements, then the new

internal elastic energy can be given by,

v

Wint + Wiy = / [(e 4+ de) : o] dv (6.289)
0
Deducting Equation (6.288) from Equation (6.289),
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(2

Wit = / (de: o) dv (6.290)
0

Using Equation (6.287) for virtual strain,

dou  Odu’  96u’ 9du
de = 92 + 2 + 92 02 (6.291)

Since virtual displacements are infinitesimally small, quadratic terms in Equation (6.291)

can be neglected. The resulting strain tensor, known as small strain tensor €, can be given as,

B dou  Odu’

(56 = a—z + 8—,2 (6292)

Since both o and de€ are symmetric, new vectors are defined by inserting tensor components

as follows,

0e = [(5611 5622 5633 2(5612 25623 2(5613]T O = [(50’11 (50’22 50'33 2(50’12 250'23 2(50’13]T (6293)

Substituting Equation (6.293) into Equation (6.290),

(2

Winy = / (6e"o) dv (6.294)
0

The strain vector de can be related to displacement vector using the following equation,

0e = Dou (6.295)

where D and wu are linear differential operator and displacement vector respectively and given

by,
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o 0 0
)

0 — 0

82’2 a

0o 0 -
D=, 5 7 (6.296)

05 0z "

o 92 9

823 822

9 4, 9

82’3 821
du = (6uy dus dus)” (6.297)

The virtual displacement is a finite element field and hence the value at any point can be

obtained by interpolating nodal virtual displacements.

ou = PA (6.298)
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6.4 Fluid Mechanics Class

6.4.1 Burgers’s Equations
Generalised Burgers’s Equation

Governing equations:

For a given velocity u (x,t) and a kinematic viscosity of v, Burgers’s equation in one di-

mension is

ou ou 0%u

-z gy 2
5 + u(?x V@xQ (6.299)
The general form of this equation in OpenCMISS is7
a(x) % +b(x) Vi (z,t) + c(z) u(z,t)  Vu(z,t) =0 (6.300)

where u (x,t) is the velocity vector and a (x), b (x) and ¢ (x) are material parameters. The

standard form of Burgers’s equation can be found witha =1, b= —v and c = 1.

Appropriate boundary conditions conditions for Burgers’s equation are specification of Dirich-

let boundary conditions on the solution, d i.e.,
u(x,t) =d(x,t) = lp, (6.301)
and/or Neumann conditions in terms of the solution flux in the normal direction, e i.e.,
q(z,t)=(b(x)Vu(zx,t)) - n=e(x,t) xcln, (6.302)

where q (x,t) is the flux in the normal direction, n is the normal vector to the boudary and
=TpuUly.
Appropriate initial conditions for the diffusion equation are the specification of an initial

value of the solution, f i.e.,
u(x,0)=f(x) xe. (6.303)

Weak formulation:

The corresponding weak form of Equation (6.300) can be found by integrating over the
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domain with test functions i.e.,

/ (aaa—"; + V27U + cu - Vu) wdQ) =0 (6.304)

Q

where w are suitable spatial test functions.

Applying the divergence theorem in Equation (6.398) to Equation (6.304) gives

/ (aaa—?) wdQ—/ bVu-Vw dQ+/ (bVu - n)'wdF+/ (cu-Vu)wdQ =0 (6.305)
Q T

Q

Tensor notation:

Equation (6.305) can be written in tensor notation as

/auiwi dQ—/ bijui;jwi;k dQ+/ bijul-;knjwi dF—i—/ chkujui;kwi d) =0 (6.306)

Q Q r

or

/auiwidQ—/bijui;jwi;de+/qiwidT+/Cijujui;kwidQ:0 (6.307)
Q Q r Q

or

/ ati;w; Q) — / bG7* (u;; — Thyup) (wi g — Thywr) dQ+
Q Q

/ gw; dI" + / chkuj (uzk - F};huh) w; d2 =0 (6.308)
r Q

where G’* is the contravariant metric tensor and F;- . 18 the Christoffel symbol for the spatial

coordinates.
Finite element formulation:
E o
We can now discretise the domain into finite elements i.e., ) = UQe with I' = UF I3
e=1 f=1
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Equation (6.307) now becomes
E E
Z/ at;w; df) — Z/ ek (u” - F;huh) (wug - F};lwl) dQ+
ezlge e=1 Q.

F E
> / gw;dl +> / Gy (s — Tipup) w; dQ = 0 (6.309)
e=1 Q.

=1
f=1r,

If we assume that we are in rectangular cartesian coordinates then the Christoffel symbols

are all zero and G7% = §7*. Equation (6.309) thus becomes

E E F E
Z/ auiwidQ—Z/ bui’kwhdejLZ/ qiwidF—l—Z/ cukuikwidQ:O (6.310)
e:lge e:lQe e:lQe

=1
f=1r,

If we now assume that the dependent variable w can be interpolated separately in space and
in time we can write
u(z,t) = ¥, (z)u" (1) (6.311)

or, in standard interpolation notation within an element,

u; (€,1) = ¥, (€)uls (£)S (i,n, B) (6.312)

and
u' (€,t) = Gyl (&) uls (8) S (4,n, B) (6.313)

where uj' 5 () are the time varying nodal degrees-of-freedom for velocity component 4, node 7,
global derivative (3, wiﬁn (&) are the corresponding basis functions and S (i, n, 3) are the scale
factors.

We can also interpolate the other variables in a similar manner i.e.,

i (&,t) =7, (&) g7, (1) S (i,0,7)
a (&) =) (&) dsS (p, o) 6.314)
b(&) =) (&) 1S (p.0)
c (&) =¥ (&) S (p,9)
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where ¢;°, (t), ', b'; and c; are the nodal degrees-of-freedom for the variables.
For a Galerkin finite element formulation we also choose the spatial weighting function w

to be equal to the basis fucntions i.e.,
w; (§) = iy, (€) S (i,m, ) (6.315)

Spatial integration:
Adopting the standard integration notation we can write the spatial integration term in Equa-

tion (??) as
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6.4.2 Poiseuille Flow Equations
Governing equations:

The Poiseuille equation describes the pressure drop that occurs due to viscous friction from
laminar fluid flow over a straight pipe. Poiseuille flow can be derived from the Navier-Stokes

equationsin cylindrical coordinates (u = (u,, ug, u,)) by assuming that the flow is:

ou
1. Steady i.e., — =0
eady i.e 5

2. The radial and swirl components of fluid velocity are zero i.e., u, = ug = 0

0 0
3. The flow is axisymmetric i.e., e _ 0 and fully developed i.e., e _ 0.
00 Ox
The Poiseuille equation is:
8uLQ)
Ap = 6.316
P=—pi ( )

where Ap is the pressure drop along the pipe, u is the viscosity L is the length of the pipe @ is

volumetric flow and R is the radius of the pipe.

Rearranging Equation (6.316) gives

TR?R*Ap
= 6.317
Q=51 (6.317)
Volumetric flow is average axisymmetric flow, %, multipled by the area of the pipe A i.e.,

@ = uA. Equation (6.316) now becomes

A 2
ad = A, (6.318)
81t
or
2
= (6.319)
81t
. Ap 0
e S I (6.320)
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Weak formulation:

The weak form of the differential form of the Poiseuille equation system consisting of Equa-

tion (6.316) and can be written as:

2
/ <£Vp—a) wd) =0
8pu
Q

Finite element formulation:

We can now discretise the domain into finite elements. Equation (6.321) becomes

E 2

Z/ <R—Vp—a)wdQ:0
81

e:lge

R2
> /(—pr)Q—/udwdQ =0
8pu
Q

e=1

or

e e

We can now interpolate the dependent variables using basis functions

p(€) = ¥ (&) P5S (n, B)

(6.321)

(6.322)

(6.323)

(6.324)

Using a Galerkin finite element approach (where the weighting functions are chosen to be

the interpolating basis functions) we have

w (&) = ¢, (§) S (m, )

(6.325)
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Spatial integration:

Adopting the standard integration notation we can write the spatial integration term for each

element in Equation (6.327) as

L/Rm%@) DD o (618 (m, )17 6)] e

8 o€
1

/ﬂwm@meU@Wﬁzommm

0

or, taking the fixed degrees-of-freedom and scale factors outside the integrals, we have

awﬁ

R?
5.8 (m.a)S(n.)p g/w 1) e

1

s<wua>ue/“wa<o\J<0|d§::o (6.327)

0

This is an elemental equation of the form

Koyl — fou. =0 (6.328)

Koo —fo | py| |O
K| I

The elemental stiffness matrix, K22 is given by

mn?

or

R? 65
K3 = 3-8 (m.0)S (n /w Pl ) e) ac (6.330)
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and the elemental stiffness vector, f, is given by

£ =S (m,a)u, / 48 (€)1 (€)] de (6.331)
0

Note that an additional conservation of mass equations are required to solve the final matrix

system.



6.4. FLUID MECHANICS CLASS 177

6.4.3 Stokes Equations

Governing equations:

Stokes flow is a type of fluid flow where advective inertial forces are small compared with vis-
cous forces. The Reynolds number is low, i.e. Re < 1. For this type of flow, the inertial forces
are assumed to be negligible and the Navier-Stokes equations simplify to give the Stokes equa-
tions. In the common case of an incompressible Newtonian fluid, the linear Stokes equations

(three-dimensional, quasi-static) can be written as:
f—Vp+uViu=0 (6.332)
accompanied by the conservation of mass
V-u=0 (6.333)

where u(x,t) = [ug, ug,u:),]T is the velocity vector depending on spatial coordinates * =
(11, X2, IEg]T and the time ¢, p is the scalar pressure, f an applied body force, and the material
parameter p is fluid viscosity, respectively. Whereas Equation (6.332) has been formulated
in Eulerian form, moving domain approaches often require the ALE modification taking an
additional term into account, depending on the fluid density p and a correction velocity u*
which yields to:

f—Vp+ uViu=—pu* - Vu (6.334)

Although by definition a Stokes flow has no dependence on time (other than through changing

boundary conditions), Equation (6.334) can be modified easily towards a dynamic Stokes flow:

ou

T pu* -Vu=f—Vp+ uViu (6.335)

The following section, however, describes the reordered quasi-static formulation of Equation (6.334):

—Vp +uV?u—pu* -Vu=f (6.336)
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Weak formulation:

The corresponding weak form of the equation system consisting of Equation (6.332) and Equa-

tion (6.333) can be written as:

—/Vp'de—i-/uvzude—/pu*-Vude+/V-uqu:/f’udQ (6.337)

Q Q Q Q Q

Applying Green’s theorm to Equation (6.337) gives

/V-vde—/uV'v:VudQ—/pu*-Vude+/V-uqu:
Q Q

Q Q

/fde+/p-nvdF—/vVu-ndF

Q r I

(6.338)

The left-hand side of Equation (6.338) represents the unknown velocity and pressure field on
(2 whereas the right-hand side represents Neumann boundary conditions on I" and source terms
(here in form of volume or body forces) on ). For now we want to neglect the right-hand side

and continue with the homogeneous form of Equation (6.338)
/ V-opdQ) — / uVo: Vud) — / p(u” - V)uv dQ +/ VougdQ=0 (6.339)
Q Q Q Q

Tensor notation:

If we now consider the integrand of the left hand side of Equation (6.339) in tensorial form with

covariant derivatives then
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6.4.4 Darcy Equation

Darcy’s equation describes the flow of fluid through a porous material. Ignoring inertial and

body forces, Darcy’s equation is:

K
v= —va (6.340)

v is the relative fluid flow vector, given by n (v/ — v*) where n is the porosity, and v/ and
v® are the Eulerian fluid and solid component velocities. K is the permeability tensor, u is
viscosity and p is the fluid pressure.

Conservation of mass also gives:

V.ov=0 (6.341)

The weighted residual forms of these equations over a region €2 with surface [ are:

/ ('U’w + EVp'w) dQ =0 (6.342)
i
/ qV -vdQ =0 (6.343)
Q

Where w is the weighting function for the flow and ¢ is the weighting function for pressure.
Applying Green’s theorem to the pressure term to give the weak form of the equations, and

multiplying through by K '

/ (uK’lv'w — pr) dQ + / pnwdl’ =0 (6.344)
Q T
/ qV -vdQ =0 (6.345)
Q

Where 1 is the normal vector to the surface I'.

The OpenCMISS implementation of Darcy’s equation uses the stabilised form of the finite
element equations developed by (?). This adds stabilising terms, so that the final form of the
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implemented equations is:

1
/ <,LLK_1fvw —pVw — 3 (Vp'w + ,LLK_lfvw)) dQ + / pnwdl =0 (6.346)

Q r

1 K
/qV~v+§(Vq-'v+;Vp~Vq) dQ =0 (6.347)
Q
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6.4.5 Navier-Stokes Equations
Governing equations:

The Navier-Stokes equations arise from applying Newton’s second law to fluid motion, i.e.,
the temporal and spatial fluid inertia is in equilibrium with internal (volume/body) and external
(surface) forces. The reaction of surface forces can be described in terms of the fluid stress
as the sum of a diffusing viscous term, plus a pressure term. The equations are named for the
19th century contributions of Claude-Louis Navier and George Gabriel Stokes. A solution of
the Navier-Stokes equations is called a flow field, i.e., velocity and pressure field, which is a
description of the fluid at a given point in space and time. In the common case of an incom-
pressible Newtonian fluid, the nonlinear Navier-Stokes equations (three-dimensional, transient)

can be written using ’primitive variables’ (i.e., u-velocity, p-pressure) as:

ou

Par TP (w-V)u=f—Vp+uViu (6.348)

accompanied by the conservation of mass (incompressibility)
V-u=0 (6.349)

where w(x,t) = (u1,us,us) is the velocity vector depending on spatial coordinates = =
(21, 2, x3)T and the time %, p is the scalar pressure, f an applied body force, and the material
parameters 1 and p are the fluid viscosity and density, respectively.The first term represents
unsteady accelerative inertial contributions, the second represents the nonlinear convective ac-
celeration terms, the Vp term the pressure contributions, and the last term represents viscous
stresses in the system. As with Stokes flow, the incompressibility condition V - © = 0 also
creates restrictions on the formulation of the velocity and pressure spaces using finite elements
known as the Ladyzhenkaya, Babuska, and Brezzi (LBB) or inf-sup consistency condition.
Several methods have been devised to define a pressure function that is consistent with the ve-
locity space using primitive variables. These include mixed element methods, penalty methods,
generalized petrov-galerkin methods using pressure poisson correction, operator splitting, and
semi-implicit pressure correction (?).

Using a classic Galerkin formulation, mixed methods are perhaps conceptually the most
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straightforward method of satisfying LBB, in which velocity is defined over a space one order
higher than pressure (e.g. quadratic elements for velocity, linear for pressure), allowing incom-
pressibility to be satisfied. It should be noted that our use of a mixed formulation to satistfy LBB
will also be reflected in the shape functions that our weak formulation depends on. For exam-
ple, using a 2D element with biquadratic velocity and linear pressure, we will have 9 DOFs and

weight functions for each velocity component and 4 for the pressure.

Weak Formulation

The weak form of equations 6.348 and 6.349 can be found by applying standard Galerkin test

functions w:

/ (p%—? +pu-Vu— f — pViu+ Vp) wd2 =0 (6.350)

Integrating by parts, we will get the weak form of the system of PDEs with the associated

natural boundary conditions at the boundary I'y:

p%—?wd9+/pu-VuwdQ+/prdQ—/,uVu-deQ:
Q Q Q Q
/f'wdQJr/uVu-nwdFN—/p-n'wdFN (6.351)
Q I'n I'n

For more extensive discussion of this procedure, along with other weak forms of the PDEs,
we refer to (?). From this weak form, we see natural (Neumann) boundary conditions arising as
a direct result of the integration. Neumann boundary conditions will consist of a pressure term

and viscous stress acting normal to a given boundary.

q(xz,t)=pVu(z,t)- n—p-n (6.352)
rzecly (6.353)

Specification of Neumann boundaries will simply require the specification of the terms across
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element DOFs. Dirichlet boundary conditions on a boundary I, for velocity will take the form:

u(z,t)=d(x,t) zelp (6.354)
(6.355)

Tensor notation

Assuming no forcing terms and substituting the natural boundary as defined above, equation ??

in tensor notation becomes:

/puiwidQ+/pijujui;kwidQ+/ijpiwi;de
0 0 0

—/qukui;jwi;de—/qiwidFN:O (6.356)
Q 'y

or

/ pti;w; d§2 + / pG7uj (ui g — Thpun) w; dQ + / G7*p; (wi g, — Thpwp) dQ
0 0 0

- / ,LLij (u” - Féhuh) (wi,k - nghwh) dQ2 — / gw; dl'y =0 (6.357)

0 Cn

where G7* is the contravariant metric tensor and Fé i 18 the Christoffel symbol of the second

kind for the spatial coordinates.

Finite Element Formulation

E F

We can now discretise the domain into finite elements i.e., 2 = UQe with ' = UF #. Equa-
e=1 f=1

tion (6.357) now becomes:
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M=

e

E
/pu w; dQ+Z/ pG] u;j (ulk Fkhuh) w; dQ—i—Z/ ijpz wzk - Fkhwh) de?
L) Q

61Q e=1

E
Z/ ,quk ulj - I huh) (wlk thwh dQ

e=1 Q

/ gaw;dTy =0 (6.358)

F
=1,

or

E
Z/ Pl deQ+Z/ pGj Uj (u”C thuh) deQJrZ/ G+ Di wlk—I’khwh) dQ)
Q

)
I
—

E

Z/ ,LLG]k u” jhuh) (wi,k - F};hwh) dQ2 =

e=1

/ pGo* (w; g — Tipup) njw; ATy — Z / G*pnw; ATy (6.359)

F=1ry F=1ry

We will assume that the dependent variables w and p can be interpolated separately in space
and time. Here we must also be careful to note again the discrepancy between the functional
spaces for velocity and pressure using a mixed formulation to satisfy the LBB consistency re-
quirement. We will therefore define two separate weighting functions: for the velocity space on

, the test function will be ¢/; and for the pressure space, ¢;, giving:

u(x,t) =1, (x)u" (t) (6.360)
p(x,t) = ¢u(x)p" (1) (6.361)

In standard interpolation notation within an element, we transform from x to &:

i (&) =05, (&) ul's (1) S (i,n, B) (6.362)
p(&.t) = 5, (€)p" () S (4,n, B) (6.363)
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where v’ (t) are the time varying nodal degrees-of-freedom for velocity component ¢, node

n, global derivative 3, 1 (&) are the corresponding velocity basis functions and S (i, n, 3) are

the scale factors. The scalar pressure DOFs, p’; (t) are interpolated similarly.

For the natural boundary, we can separate ¢; into its component velocity and pressure terms

as noted in 6.353 and shown in 6.359. For our current treatment, we will also assume the values

of viscosity ;4 and density p are constant. These can be interpolated:

Using the spatial weighting functions for a Galerkin finite element formulation:

W (6) = iam (E) S ('L.v m, a)

Spatial Integration

(6.364)

(6.365)

Using standard integration notation, we can rewrite our Galerkin FEM formulation from 2?:
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ol (&) ur, (1) S (i,n,
> / o) 2 “gf) B1B) e (€S (im,0) 17 (6)] dé

—Z/ (€645, (§) 5 (08 i, 9

(a@bfn (&) uls (t)S (i,n, B)
ox*

— Dintiim (€) th 5 (1) S (h,m, a)) Vi (§) S (i, m, ) | T (§)] d€

" Z / G 60 ()07 (1)8 (i, n, B)

(Wm%jm®_%%@mmm®U®%

ﬁ ,n
EZ/M G”(W) )ﬁgﬁ(’””—wmm@>,<wwmmm)

e=1

8 « .
(dw S {m.0) FM%@mm@smmw)J@ms

—Z/ Vi (€) a5, (1) S (i, 0,7) ¥y, (£) S (i,m, ) | T ()] A€ (6.366)

=19

Where J (&) represents the jacobian matrix. If we assume a rectangular cartesian coordinate
system, this simplifies significantly, as the contravariant G’* will become /% and the Christoffel

symbols I'’, will all be zero. This gives:
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ot

e ey s g QP (€Ul (S (6n.B)
—Z/ €)5" 0}, (& <>s<z,n,ﬁ>< o )

Vim (§)S (1, m, a) | (§)| d€
+ Z/éﬂ’“qﬁﬁ £)S (i, n, B) (a‘”?m<£gi,§i’m’ a)) |J (&)] d€

0 5 t)S (i, n, o im.«

F 1
=2 / §) a7, ()5 (i,0,7) ¥, (§) S (i,m, ) | (§)| A (6.367)
f=1

£ o2 (€Y ur, (1) S (i, n,
> / p(e) L& ST D) o (016 (5., 0) |7 (&) g

or, rearranged to pull constants out of the integrals:



188 CHAPTER 6. EQUATION SETS

1

>0 i.n 1S Gomoa) [ p(€) 63, (6) 5 (€)1 (€)]dg
—iumsa,n, S (i.m, ) / 50 (€) P & ) (&)1t
+§;p%<t>8<i,n, >S<z’,m,a>/1 st (&)( e (5))|J< )| d¢
—iumt)sm >s<i,ma>/16ﬂf (W ) V&) 17 ()] e

=3 g, (S (i,m,a) S 20,7/@/)‘“ ) (€)1 (€)] dE (6.368)
f=1

General form

We now seek to assemble this into the corresponding general form for dynamic equations, as

outlined in Section 4.2.2:

Md(t)+Cd(t)+ Kd(t)+g(d(t) + f(t)=0 (6.369)

where d(t) and d(t) represent the first and second derivatives (respectively) of the degrees of
freedom vector d(t), which consists of the dependent variables u(x,t) and p(x,t). M is the
mass matrix, which provides the shape function based weights and C' is the transient damping
matrix. K represents the stiffness matrix, which will contain the linear parts of the operator.
g (u (t)) is the nonlinear vector function that will be used to represent the convective term and

f (1) the forcing vector.

We will assume cartesian coordinates = {x,y, 2z} and denote the corresponding velocity

components © = {u,v,w}, with N representing the number of velocity DOFs and M the
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number of pressure DOFs. The vector d in then becomes:

(6.370)

T
d—= [u1u2...qulvg...va1w2...wNp1p2...pM] =

N R e ¢

All the components of 6.369 will similarly depend on the number of dimensions,ng;,,, and
the size of the matrices will be: (N -ng;, + M)™dim,

Returning to the general case, the mass matrix M will take the form:

[M2F] = /w (&) [T (&)] dg (6.371)

Without using mass-lumping, the damping matrix C":

1

C28) = S (i,m, B)S (i, m, ) / (€)W (€)ue, (€) 1T (©)]dE (6.372)

0

The element stiffness matrix K will contain the linear components of the system. For the
classic Galerkin formulation this includes the viscous term with the laplacian operator and the
pressure gradient term. As the velocity and pressure DOFs are both included in d, K will be

assembled so that the corresponding operators are applied to the DOFs discontinuously.

(

: 8 o
4521 =5 6om, 505 om0 [ 975 (€ (Wg;f&)) (2 1 1 e

0

N forn < N-Nyipm,
[K B] = 1

B =S ion, )8 o) [070i€) (P ) 1 (@)

0

forn > N-Ny,.
(6.373)
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To attain a square matrix of the required size, we must also apply the transpose of the
gradient terms acting on the pressure DOFs. For example, in a 3 dimensional example system,
K will take the form:

A 0 0 B,
0 A 0 B
K = v (6.374)
0 0 A B
-B. -B] -B! 0

The nonlinear vector, g(t) will provide the convective operators and for the standard Galerkin

formulation:

1

951 = 8 G 9 Gom) [ %007, )03 <s>( %o (&) )>u<s>\d£ 6375)

0

Streamline Upwind/Petrov-Galerkin (SUPG)

For convection dominated flows, it is often useful to modify the Galerkin formulation account
for numerical problems associated with large asymmetric velocity gradients. We describe aug-
menting the Galerkin Navier-Stokes formulation to form a Petrov-Galerkin form, which uses a
different test function for the convective term to stabilize the algorithm with a balancing diffu-

sive term. Please refer to Section ?? for more details.

For the Navier-Stokes equations (and most nonlinear problems), the use of a Petrov-Galerkin
formulation becomes more difficult than for linear cases like advection-diffusion, as consistent
weighting can cause instabilities when used with additional terms like body forces (?). These
issues can be overcome with more complex Petrov-Galerkin formulations, as those derived by
Hughes and colleagues in the 1980s. A useful alternative route is to apply SUPG weights to the
convective operator in elements as a function of each element’s Reynolds number (referred to
subsequently as the cell Reynolds number). This can provide the desired stabilizing effect in

the direction of large velocity gradients but can be easily implemented and is practically useful.

Assuming cartesian coordinates and applying Petrov-Galerkin weights to the convective

term, the finite element formulation described in equation ?? can be written:
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E E E
Z/puiwidQ Z/ 5Jkuj uzk wz+\I! dQ + Z/éjkpiwi,de
e=1 QO e=1 e=1
E
—Z/M5]k u” wzk dQ Z/,uchk ulk n;w; dl'y — /5]kpn w; dI' v
L) I=1ry I=1ry

(6.376)

where w; will be the classic Galerkin weight and W; will be the Petrov-Galerkin for the
Navier-Stokes equations. We must also define the Peclet number, ~, for the Navier-Stokes
equations to describe the ratio of the convective:viscous operators. Here, the effective Peclet

number will be based on the cell Reynolds number:

Re="—"= """ (6.377)

where U is the characteristic velocity and v = /;—)‘ is the kinematic viscosity. L will be the

characteristic length scale for a given element. The effective Peclet number v will be:

y== = (6.378)

We will retain the same value for o = coth% — % as found for the linearized advection-

diffusion equation.

L .
U, = <O‘—ﬂ) wi (6.379)

2 fuyl

Equation (6.376) then becomes after integration and simplification:
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1

Zuzﬁ (i, n, )S <z,m,a>/p<e>wfn<s> o (€)|T (&) de

0

—Zuw (i,n, B)’S <z,m,a>/16ﬂfp<s> ( ) (&)l
D) it

( (5)> T (6)]de
ous (&)

#0808 ma) [ 46 (2 ) 17 )1de

E B «
- X s (98 (. B)S (i meo /(wk (3%2]@)) <Wg;f)) 1T (€)] de

=Y, ()8 (i, m, )8 2077/1# £)1J ()] de
f=1

_Zuﬂ (i,n, 8)°S Zma/yk ¢(5)< 2

(6.380)

Notice the integration by parts is done only to the standard Galerkin weights- this is because
the artificial diffusion added by the Petrov-Galerkin terms should only contribute within the
elements

The use of the Petrov-Galerkin formulation in this way allows for the stabilization of mod-
erately convective problems. However, it also results in nonsymmetric mass matrices with the
additional term, making classical mass-lumping more difficult. As a result, the use of explicit

methods also becomes more difficult for time-dependent problems.

Arbitrary Lagrangian-Eulerian (ALE) Formulation

Whereas Equation (??) has been formulated in Eulerian form, moving domain approaches often

require the ALE modification taking an additional term into account, depending on the fluid
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density p and a correction velocity «* which yields to:
p((u—u*) -Viu=f—Vp+uViu (6.381)

So far, the nonlinear term in Equation (??) represents the fluid spatial acceleration only. Equa-

tion (6.382) now also takes the dynamic inertia terms into account

ou

Par TP (u—u*) -Vu=f—Vp+uViu (6.382)

which gives us the complete Navier-Stokes equations in ALE formulation. The following sec-

tion, however, describes the reordered quasi-static formulation of Equation (6.381):

p((u—u*) -V)u—puVu+Vp=Ff (6.383)

Weak formulation: The corresponding weak form of the equation system consisting of Equa-

tion (2?) and Equation (??) can be written in the general dynamic form (see Section ?7?)
Mu(t)+Cu(t)+ Ku(t)+g(u(t)+ f(t)=0 (6.384)

where u (t) is the dependent variables vector u(x,t) and p for the degrees of freedom. M is
the mass matrix, which provides the shape function based weights, C' is the transient damping
matrix (which we will discuss further below). K represents the stiffness matrix, which will
contain the linear parts of the operator, including the viscous terms, the conservation of mass
terms, and pressure terms. g (u (¢)) is the nonlinear vector function for the convective terms

and f () the forcing vector.

The corresponding weak form of the equation system consisting of Equation (??) and Equa-

tion (??) can be written as:

/p(u - V) uv dQ—/ p(u*-V)uv dQ—i—/ uV3uv dQ—/ Vpv dQ+/ V-uqdS) = / fodQ
Q Q Q Q

Q Q
(6.385)
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The general form for this kind of equation system is
Kia+§g(u) =f (6.386)
where 4 is the vector of unknown “DOFs”, K is the stiffness matrix, § (u) a non-linear vector

function and f the forcing vector. In Equation (6.385) the only real non-linear term is rep-

resented by g (u) = / p(u-V)uvdS2 If g (u) is not = 0 then we use Newton’s method

Q
ie.,

1 J (w;) 0u; = = (u;)

2. w1 = u; + 0uy

(6.387)

where J (u) is the Jacobian and is given by

09 (u)

J(u)=K+ 50

(6.388)

with the stiffness matrix K derived from Equation (6.386) by applying Green’s theorem as

follows:

K

/V~'vde—/qu:VudQ—/p(u*~V)ude+/V-uqu (6.389)

Q Q Q Q

and ¢ (u) = Ka+ g (u) + f.
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6.4.6 Pressure Poisson Equation

The Navier-Stokes equation can be written as

0
p(a—?—u-Vu) =—-Vp+uV - -Vu

Rearranging for Vp gives

0
Vp:uV-Vu—p(a—?—u-Vu)

or
Vp=>b

where

0
b:uv-Vu—p<a—1;—u-vu)
Note that from Equation (6.392) we can write

Vp-n=b-n

Taking the divergence of both sides of Equation (6.392) gives

V-Vp=V->b
The corresponding weak form of Equation (6.395) is

/V~prdQ:/V-bwdQ

Q Q

Now the divergence theorm states that

/V~FdQ:/F~ndF

Q r

195

(6.390)

(6.391)

(6.392)

(6.393)

(6.394)

(6.395)

(6.396)

(6.397)
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Applying the divergence theorm where F' = g f gives
/(f-Vg+gV-f) dQ:/gf-ndF (6.398)
Q r
Note that when f = V f is used in Equation (6.398) you get Green’s identity i.e.,
/(Vf~Vg+gV-Vf) dQ:/gi~ndF (6.399)
Q r

Now if we apply Equation (6.399) to the left hand side of Equation (6.396) we get

/V-prdQ:/Vp-nwdF—/Vp~deQ (6.400)
Q r Q

or from Equation (6.394)
/V-prdQ:/b-nwdF—/Vp~deQ (6.401)
Q r Q

Now if we apply Equation (6.398) to the right hand side of Equation (6.396) we get

/V-bwdQ:/b-nwdF—/b~deQ (6.402)

r

Substituting Equation (6.401) and Equation (6.402) into Equation (6.396) gives

/b~nwdF—/Vp~deQ:/b~nwdF—/b~deQ (6.403)
r Q r Q
or
/Vp-deQ:/b-deQ (6.404)
Q Q

Now, using a standard Galerkin Finite Element approach Equation (6.405) can be written in
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the following form
K,p=s (6.405)

where K, is the pressure stiffness matrix, p the vector of unknown pressure DOFs and s the
source vector.

Note that you can write s in terms of K, the velocity stiffness matrix, M the mass matrix,
u the vector of know velocity DOFs and h (u) the nonlinear Navier-Stokes vector.

Note that K p is most likely singular and therefore you will need to set a reference pressure
Dirichlet condition somewhere and measure the pressures relative to this boundary condition
value.

Note that this formulation removes all the nasty Neumann conditions in favour of a Dirichlet

condition. It also removes the surface integrals in favour of volume integrals!
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6.5 Electromechanics Class

6.5.1 Electrostatic Equations
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6.5.2 Magnetostatic Equations
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6.5.3 Maxwell Equations

6.6 Bioelectrics Class
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6.6.1 Bidomain Equation

The bidomain model can be thought of as two co-existant intra and extrcelluar spaces. The
potential in the intracellular space is denoted as ¢; and the potential in the extracellular space
is denoted as ¢.. The intra and extracellular potentials are related through the transmembrane

voltage, V,,,, i.e.,

Vi = ¢; — G (6.406)
The bidomain equations are
oV :
Amcmw — V . (O'ZVVm) = V . (O'Znge) — Am (Iion — Im) + 25 (6407)
V-(ece+0;) Vo) =—-V - (;VV,) —i; + i (6.408)

where A,, is the surface to volume ratio for the cell, C,, is the specific membrance capaci-
tance o; is the intracellular conductivity tensor, o is the extracellular conductivity tensor, /;,,

is the ionic current, [, is the transmembrane current

Operator splitting

Consider the initial value problem

d
d_lz = (L1 + Ly)u (6.409)
u (0) = ug (6.410)
where L; and L, are some operators.
For Gudunov splitting we first solve

dv
— =T 6.411
dt 1v ( )

v (0) = ug (6.412)
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fort € [0, At] to give v (At). Next we solve

dw
E = ng
w (0) = v (At)

for t € [0, At] to give w (At). We now set

i (At) = w (At)

where 4 is a approximate solution to the orginal initial value problem.

For Strang splitting we first solve

dv

YL

at
v (0) = ug

(&) - wio

fort € [4L, At] to give v (At).We now set

i (At) = v (At)

where @ is a approximate solution to the orginal initial value problem.

(6.413)
(6.414)

(6.415)

(6.416)
(6.417)

(6.418)

(6.419)

(6.420)

(6.421)

(6.422)
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6.6.2 Monodomain Equation

Under certain conditions the Biodomain equations given in Equation (6.407) and Equation (6.408)
can be simplified to

oV ,

T V- (e, VVy) = —Anlion + 1 (6.423)

where A,, is the surface to volume ratio for the cell, C,, is the specific membrance capaci-

AnCh

tance, I;,, is the ionic current, ¢; is the intracellular stimulus current and o, is the conductivity

tensor given by

o = 17 (6.424)
g; + O,
Rearrangign Equation (6.423) to give
. — I ;.
A Cp L _ (V- (OmVVin) = Lion + ) (6.425)

6.7 Multiphysics Class

6.7.1 Poroelasticity
Coupled Darcy Equation and Elasticity with Sub-iterations

CMISSProblemFiniteElasticityDarcyType couples the finite elasticity equations and Darcy’s
equation by solving each equation in term, iterating between the two equations until conver-
gence is reached. The full Darcy equations with velocity and pressure are solved.

Darcy’s equation is solved on the deformed geometry and the finite elasticity constitutive

relation has a dependence on the Darcy fluid pressure.

Coupled Darcy Fluid Pressure and Elasticity

The fully dynamic governing equations for poromechanics are described in (?). CMISSProb-
lemfiniteElasticityFluidPressureType implements a static form of these equations and strongly

couples the equations for finite elasticity to an equation describing the Darcy fluid pressure.
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Darcy’s equation describing the fluid flow is substituted into the mass conservation equation to
give:
K
V- (—Vp) =0 (6.426)
1

A static form of the constitutive law developed by (?) is implemented in the equations set

subtype CMISSEquationsSetElasticityFluidPressureStaticInriaSubtype.

6.7.2 Fluid-Structure Interaction
Fluid Model

The physics in the fluid domain is described by the ALE form of the Navier-Stokes equations

le.,

p’ <88—:;+('v-V) ('v—'w)) =V-o! +plg (6.427)

V-v=0 (6.428)

where p/ is the fluid density, v is the fluid velocity, w is the fluid mesh velocity, o/ is the fluid
stress and g is the gravity acceleration vector.

For Newtonian fluids, we have
o/ = —p T+ p (Vv + (Vo)) (6.429)

where p/ is the fluid pressure and y is the fluid viscosity.

Solid Model

The physics in the solid domain is described by a momentum balance

Y _ V.04 g (6.430)

where p® is the solid density, u is the solid displacement, o° is the solid stress and g is the

gravity acceleration vector.
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6.8 Modal Class
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6.9 Fitting Class
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6.10 Optimisation Class






Chapter 7

Analytic Solutions

7.1 Classical Field Class

209
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7.1.1 Generalised Laplace Equation

7.1.2 Two Dimensional Anisotropic Solution

Consider the problem shown in Figure 2?.

For this test problem the conductivity tensor in fibre coordinates is

« [O't 0]
o= (7.1)

0 o,

The conductivity tensor in reference coordinates can be calculated from the conductivity

tensor in fibre coordinates by the tensor transformation rule o = Q” o* Q where Q is given by

cos(—f) —sin(—0 cosf +sind
Q= (=9) (=9) = . (7.2)
sin(—6)  cos(—0) —sinf cosf
Hence
o oy cos?0 + o, sin?0 (o —20'”) sin 6 cos 6 _ o ow (7.3)
(0; — 0,)sinfcosf oysin® 6 + o, cos? 0 012 09

The generalised Laplace equation for this problem in reference coordinates is hence given

by
9P 0*P 0*P
V- (oV®) = 011% + 20128x8y + 022 BIE =0 (7.4)

Equation (7.4) cannot be solved using traditional eigenfunction expansions as it is non-

separable. In fact, for an arbitrary domain and arbitrary boundary conditions, Equation (7.4)
is extremely difficult to solve. It can be solved, however, by realising that from the definition
of 0;; in Equation (7.3) the equation is elliptic everywhere in the solution domain. From ?, a

system of second order elliptic partial differential equations is of the form

0?d,,
i = 7.5
Aijkl ;0 (7.5)
where ®;, are complex-valued functions of the dependent variables x; and x5 and i, k = 1,..., N.

The a;;1; are real constants which satisfy the symmetry condition a;;;; = a;; and, since the

system is elliptic, satisfy a;;1&;;€ > 0 for every non-zero N x 2 real matrix ;.
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Real solutions to Equation (7.5) may be written in the form

Op = Arafa(za) + Y Arafa(2a) (7.6)

where a = 1,..., N, f, (z,) are arbitrary analytic functions of a complex variable z,, fu (24)
the complex conjugate of the function f, (z,), Ak, are complex constants (to be determined),

Zo = T1 + Toxo and 7, are complex constants given by
det [ajik1 + @itkaT + Qo T + Qiope7?] =0 (7.7)

Comparing Equation (7.4) with Equation (7.5) it can be seen that N = 1 and ay;;; = 0;; and

thus 7 is given by

2 2
—012 +1\/ 011022 — O —012 14/ 011022 — O
= 12 = + 12 = —>\1 + Z)\Q (78)
022

022 022

where ¢ is the square root of —1. With this definition it can be seen that
z=x+ 71y = (T — \y) +1\y (7.9)

From ? A;; = 1 for this problem and hence a solution to Equation (7.4) can be found by
specifying an arbitrary analytic function f (z).
For the test problem in this chapter the analytic function is chosen to be f (z) = e®. Thus

the complete analytic solution is given by

P (z,y) = f(2)+ f(2)
— e(w—)\ly)-ﬂ)&y + e(x—)\ly)+1)\2y

(7.10)
= M) (cos (Aay) + 15in (Aay)) + €M) (cos (Aay) — esin (Aoy))

= 2¢"e MY cos (A\gy)
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7.1.3 Diffusion Equation
One Dimensional Analytic Function 1

From http://eqworld.ipmnet.ru/en/solutions/Ipde/lpde101.pdf we have for the one-dimension
diffusion equation

ou 0?u
— =a—— 7.11
ot~ "oz (7.11)
the analytic solution
u(z,t) = Ae= " cos(px + B) + C (7.12)
Now, OpenCMISS solves diffusion equations of the form
u W Zu_y (7.13)
ot ox? '
2
and therefore a = —k. Choosing 1 = % gives the OpenCMISS diffusion equation one
dimensional analytic function 1, namely
an?kt 2rx
u(x,t) = Ae 2 COS(T +B)+C (7.14)
To prove the analytic solution we differentiate Equation (7.14) to give
8 4 2k 7r2 t 2
8_2; _ 22 AT cos(% + B) (7.15)
8 _2 7r2 t 2
8_5 = LWAG% sin(% + B) (7.16)
Pu 2T =21 axlm 2w
@ = TTAG L2 COS(T —+ B) (717)
_4 2 7'r2 t 2
= L;T Ae COS(% + B) (7.18)

Substiting Equation (7.33) into Equation (7.13) gives

ou  Pu  Ark | ax?me 27w o 27w
aJrk:@: 73 Ae 12 COS(T+B)+I€ 2 Ae 12 COS(T+B) (7.19)

=0 (7.20)
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The analytic field component definitions in OpenCMISS are shown in Table 7.1.

‘ Analytic constant ‘ Analytic field component ‘
1

& QW

2
3
4

TABLE 7.1: OpenCMISS analytic field components for the one-dimension diffusion equation
analytic function 1.

One Dimensional Quadratic Source Analytic Function 1

From http://eqworld.ipmnet.ru/en/solutions/npde/npde1104.pdf we have for the one-dimension

polynomial source diffusion equation

ou  du .
E = @ + quw + rw (7.21)
the analytic solution
2
u(z,t) = [£8+ Ae(’\ti‘“)] o (7.22)
where
g=,—= (7.23)
q
" (1= m) (m+3)
qg(l—m)(m +
A= 7.24
2(m+1) (7.24)
and
g(1—-m)’
- 7.25
=\ 2m+ (7.25)
Now, OpenCMISS solves quadratic source diffusion equations of the form
ou . 0u )
a+k@+a+bu+cu =0 (7.26)

and therefore k = —1, m = 2,a = 0, ¢ = —b and r = —c. Choosing the positive wave gives the
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OpenCMISS quadratic source diffusion equation one dimensional analytic function 1, namely

1

t) = 7.27
u(z,t) 51 Acorm]? (7.27)
where
B=y/=5 (7.28)
b
and 5
A= — 7.29
5 (7.29)
and
_ /2 (7.30)
M - 6 °
To prove the analytic solution we differentiate Equation (7.27) to give
20A (\t (A+ua)
Ou _ 2AA (M + pa) e ; (7.31)
ot B+ Ae(Atﬂw)]
oA (M ()
Ou _ 2pA M + pz) e ; (7.32)
Ox [B + Ae(ttua)]
0u
i 7.33
Ox? (7.33)

The analytic field component definitions in OpenCMISS are shown in Table ??.

‘ Analytic constant ‘ Analytic field component ‘
| A | ! |

TABLE 7.2: OpenCMISS analytic field components for the one-dimension quadratic source
diffusion equation analytic function 1.

One Dimensional Exponential Source Analytic Function 1

From http://eqworld.ipmnet.ru/en/solutions/npde/npde1105.pdf we have for the one-dimension
exponential source diffusion equation

ou  O*u

5 =5z a4t re (7.34)
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the analytic solution

w(z,t) = _72 In [iﬁ + Ae(wﬁw)} (7.35)
where
—Tr
g= =L (7.36)
q
and
= % (1.37)

Now, OpenCMISS solves diffusion equations of the form

ou o

and therefore k = —1, ¢ = —a and r = —b. Choosing the positive wave gives the OpenCMISS

exponential source diffusion equation one dimensional analytic function 1, namely

—2
w(z,t) = — In [8 + Aet=0)] (7.39)
where
/| —b
b =1— (7.40)
a
and
—Aac
=4/ — 7.41
i : (7.41)

To prove the analytic solution we differentiate Equation (7.39) to give .....

The analytic field component definitions in OpenCMISS are shown in Table ??.

‘ Analytic constant ‘ Analytic field component ‘
| A | ! |

TABLE 7.3: OpenCMISS analytic field components for the one-dimension exponential source
diffusion equation analytic function 1.
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Three Dimensional with linear source Analytic Function 1
The three dimensional diffusions equation with a linear source is given by

% =aViu+bu+c (7.42)

The general form of the OpenCMISS diffusion equation with linear source is given by

a% +kVPu+bu+c=0 (7.43)

Consider substituting an function of the form

u(z,t) = e w (x, 1) (7.44)
This gives
—bebw (x,t) + e_btw + ke™"V 2w (z,t) + be "w (x,t) + ¢ =0 (7.45)
or
e dw () + ke "V?w (z,t) +c =0 (7.46)

ot
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7.2 Elasticity Class
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7.3 Fluid Mechanics Class
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7.3.1 Burgers’ Equation
One Dimensional Analytic Function 1

The one-dimension Burgers’ equation in OpenCMISS form can be written as

ou 0%u ou

Adapted from http://eqworld.ipmnet.ru/en/solutions/npde/npde1301.pdf we have for
the one-dimension Burgers’ equation the analytic solution
A+ ax

u(z,t) = Bt (7.48)

To prove the analytic solution we differentiate Equation (7.48) to give

ou  —c(A+ax)

b e i 7.49
ot (B + ct)’ (7.49)
u a
9r  (B+c) (7.50)
0*u
o= 0 (7.51)
G ) a? (7.52)
Oz (B + ct)
(7.53)
Substiting Equation (7.53) into Equation (7.47) gives
Q%er@Jrcu@_—ac(A+aa:)+bO+ac(A+aa:) (754)
ot Ox? Ox (B + ct)? ' (B + ct)? '
=0 (7.55)

The analytic field component definitions in OpenCMISS are shown in Table 7.4.
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‘ Analytic constant | Analytic field component

A 1
B 2

TABLE 7.4: OpenCMISS analytic field components for the one-dimension diffusion equation
analytic function 1.

One Dimensional Analytic Function 2

Adapted from http://eqworld.ipmnet.ru/en/solutions/npde/npde1301.pdf we have for the

one-dimension Burgers’s equation the analytic solution

2b
t) =aA 7.56
u(z,t)=a +c(a:—cAt—l—B) (7.56)
To prove the analytic solution we differentiate Equation (7.48) to give
0 2bcA
gu _ ¢ . (7.57)
ot c¢(x— cAt+ B)
0 —2b
g . (7.58)
dr  c¢(x — cAt+ B)
0*u 4b
_ 7.59
922 ¢(x — cAt+ B)® (7:39)
—2abA 4b*
W20 ek . (7.60)
Or  c(x—cAt+ B)* 2 (x —cAt+ B)
(7.61)
Substiting Equation (7.61) into Equation (7.47) gives
ou  0u ou 2abcA 4b?
0= + b= +tcu— = + — 7.62
ot Ox? dr  c(x—cAt+ B)®  c(z —cAt + B)° (7:62
—2abcA 4b*
e CE— (7.63)
c(r—cAt+ B)” % (x—cAt+ B)
_ 2 Ap2
_ 2abcA — 2abcA n 4b* — 4b (7.64)

c(x—cAt+ B)>  ¢(z —cAt+ B)?
=0 (7.65)
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The analytic field component definitions in OpenCMISS are shown in Table 7.5.

‘ Analytic constant ‘ Analytic field component ‘

A 1
B 2

TABLE 7.5: OpenCMISS analytic field components for the one-dimension Burgers’ equation
analytic function 2.

7.4 Electromechanics Class
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7.5 Bioelectrics Class
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7.6 Modal Class
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7.7 Fitting Class
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7.8 Optimisation Class
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Chapter 9
Coupling

There are two general forms of coupling that concern us, which we will term volume-coupling
and interface-coupling. A volume-coupled problem is one where several equations are defined
over the whole of a region, and communicate over the entirety of that region (although the cou-
pling terms may be zero in certain parts of the domain). An interface-coupled problem concerns
those cases where two, or more, separate regions are interacting at a common interace. In 3-d
this interface is a surface, and in 2-d it is a line. A typical example of this type of problem is
fluid-structure interaction. An example of a volume-coupled problem are double porosity net-
works, often used in porous flow modelling for geophysics (citation). Clearly, it is conceivable
that both types of coupling could exist in a single problem, for example, if one wished to model
cardiac electrophysiology, finite deformation solid mechanics and fluid mechanics within the

ventricle.

9.1 Volume coupling

Two solution strategies are available to us within OpenCMISS, a partitioned approach and a
monolithic approach. A partitioned solution strategy involves solving each separate equation
in turn, passing the relevant information from one equation to the next. In certain cases, sub-
iteration may be required to ensure that a converged solution is reached. For coupling together
only two equations this can be an attractive option, however, it can become unwieldy if many

equations are to be coupled together. In contrast, the aim of a monolithic strategy is to solve all
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the equations together, in one solution process, by computing the matrix form of each equation,
and then assembling all of these forms into one large matrix system, which is then passed to
the solver e.g. PETSc. Again, it is possible to use both strategies within the same problem, if
required. For example, if the time scale of one process is much slower than the others, it may

be better to solve this separately, and for a larger time step, than the other equations.

9.1.1 Common aspects
Problem & equation class/type/subtype

For a new coupled problem it is necessary to define appropriate new classes, types & subtypes
for the problem and the equations. For a single physics case the problem hierarchy takes the

following form (as appropriate):
1. PROBLEM_CLASSICAL_FIELD_CLASS
2. PROBLEM_POISSON_EQUATION_TYPE
3. PROBLEM_LINEAR_SOURCE_POISSON_SUBTYPE

For a coupled system, with equations, PHYSICS_ONE and PHYSICS_TWO the hierarchy

should approximately follow:
1. PROBLEM_MULTI_PHYSICS_CLASS
2. PROBLEM_PHYS_ONE_PHYS_TWO_EQUATION_TYPE
3. PROBLEM_PHYS_ONE_PHYS_TWO_EQUATION_STANDARD_SUBTYPE

However, for the equations type hierarchy, it is usually not necessary to use the multi-physics
equations class. For example, the types could be declared in the following way for the first

equation:
1. EQUATIONS_SET_CLASSICAL_FIELD_CLASS
2. EQUATIONS_SET_PHYS_ONE_EQUATION_TYPE

3. EQUATIONS_SET_PHYS_ONE_COUPLED_PHYS_TWO_EQUATION_SUBTYPE
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and for the second equation:

1. EQUATIONS_SET_CLASSICAL_FIELD_CLASS
2. EQUATIONS_SET_PHYS_TWO_EQUATION_TYPE

3. EQUATIONS_SET_PHYS_TWO_COUPLED_PHYS_ONE_EQUATION_SUBTYPE
The obvious implication of the above is that anew PHYS_ONE_PHYS_TWO_EQUATION_ROUTINES.{f9(

must be created, which in principle will include all the same subroutines as any other equa-
tions_routines.f90 file e.g. finite element calculate, equations set setup, problem setup. However,
usually only the problem related information needs to be setup in the new file, with the equa-
tions specific setup included within the separate equations routines of the component physics
(using CASE statements on the subtype to select the appropriate sections of code). More details

on this will be given in Sections 9.1.3 & 9.1.4.

Dependent field

For a single physics problem a dependent field will usually possess two field variable types, the
U variable type (for the left hand side) and the delUdelN type (for the right hand side). For a
multi-physics problem we must define additional field variable types, typically two for every
additional equations set. The list of possible field variable types is given in field_routines.f90 .
Whilst, it is sensible to assign additional field variables in ascending order, this is not necessary,
excepting that a dependent field must have at least a U variable type. Attempting to setup a
dependent field with only V and delVdelN variable types will result in an error.

As there is only a single dependent field, its setup need only occur in the first of the equations
set’s setup routines, with the remaining equations set merely checking that the correct field setup
has occurred. The key subroutine calls that must be made (either within the library for an auto-

created field, or within the example file for a user-specified field) are:

CALL FIELD_NUMBER_OF_VARIABLES_CHECK (EQUATIONS_SET_SETUP%FIELD ,4 ,&
& ERR,ERROR, *999)
CALL FIELD_VARIABLE_TYPES_CHECK (EQUATIONS_SET_SETUP\%FIELD , &
& (/FIELD_U_VARIABLE_TYPE, FIELD_ DELUDELN_VARIABLE_TYPE, &
& FIELD_V_VARIABLE_TYPE,FIELD_DELVDELN_VARIABLE.TYPE/), &
& ERR,ERROR, x999)
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Then the field dimension, field data type and field number of components must be set/checked

for each variable type that has been defined on the field.

Equations set field

The equations set field is a mandatory data structure that must be defined for all problems.
However, if only a single equations set is being used for that subtype, it does not need to be
initialised. However, a variable still needs to be defined in the example file, and passed in to the

equations set create start:

CALL CMISSEquationsSetCreateStart( EquationsSetUserNumberDiffusion , Re
& CMISSEquationsSetClassicalFieldClass , &
& CMISSEquationsSetDiffusionEquationType , CMISSEquationsSetMultiC
& EquationsSetFieldUserNumberDiffusion, EquationsSetFieldDiffusio1
& Err)

Need to describe the setup of the equations set field. Number of components, data type etc.

Other fields

Although there is only a single dependent field, we still define separate fields of other types for
each equations set, that is, separate materials, source and independent fields, as appropriate for

the particular problem under investigation.

9.1.2 Boundary conditions

For each equations set there must be a separate boundary condition object defined as standard.
However, it is important to ensure the the correct field variable type is passed into the call to
CMISSBoundaryConditionsSetNode, in agreement with the field variable associated with the

particular equations set.
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Equations mapping

9.1.3 Partitioned scheme specifics

The setup of the partitioned solution scheme is placed in the new PHYS_ONE_PHYS_TWO_EQUATION_ROU

file. Specifically, the following subroutines will need to be completed:
1. PHYS_ONE_PHYS_TWO_PRE_SOLVE
2. PHYS_ONE_PHYS_TWO_POST_SOLVE
3. PHYS_ONE_PHYS_TWO_PROBLEM_SETUP
4. PHYS_.ONE_PHYS_TWO_PROBLEM_SUBTYPE_SET

The pre and post solve routines will call various specific pre/post-solve routines, such as out-
put data, update boundary conditions etc. These pre/post-solve routines can be those specific to
PHYS_ONE and PHYS_TWO, and contained within PHYS_ONE_EQUATION_ROUTINES.{f90
and PHYS_TWO_EQUATION_ROUTINES.f90 to eliminate excessive code duplication.

PHYS_ONE_PHYS_TWO_PROBLEM_SETUP defines the various solvers required for each

equation. Some key subroutine calls required are:

CALL SOLVERS_CREATE_START (CONTROL_LOOP, SOLVERS, ERR,ERROR, x999)

CALL SOLVERS_NUMBER_SET (SOLVERS,?2 ,ERR,ERROR, *999)

CALL SOLVERS_SOLVER_GET (SOLVERS, 1 ,SOLVER_PHYSICS_ONE,ERR,ERROR,*999)
!

!Set properties of solver one...
!

CALL SOLVERS_SOLVER_GET (SOLVERS,?2 ,SOLVER_PHYSICS_-TWO, ERR,ERROR,*999)
!

!Set properties of solver two...
!
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9.1.4 Monolithic scheme specifics
Coupling together equations of differing type/subtype

Not yet attempted.

Coupling together several equations of the same type/subtype

For certain physical problems it is required that several equations of the same type must be
coupled in the same domain. This means that the equations_set_subtype is no longer sufficient
for distinguishing between the equations, and the specific behaviour one desires for each. It is
neceessary in these cases to make use of the equations_set_field structure, which is defined for
each equations_set, and contains two integers. The first integer is the id number of that partic-
ular equations_set, with the second integer defining the total number of equations_sets of that
type. Obtaining the first integer from the equations_set_field within the finite_element_calculate
subroutine allows the correct field_variable_type to be identified for interpolation purposes, as
well as enabling an automated setup of the dependent field, equations_mappings etc.

The diffusion equation once converted into a finite-element formulation will have a matrix

formulation similar to:

dc
Mld—tl +Kc; =1, 9.1)

To solve three such diffusion equations monolithically, would result in the following matrix

system (before discretisation in time):

M;, 0 O J cy Kiy 0 O C1 f;
0 M, O 7| e + 0 Ky O c | = | 6 9.2)
0 0 M3 C3 0 0 K3 C3 f3

Considering a general case of N diffusion equations, there will be N equations sets, with N
respective materials fields, to store the diffusion coefficient tensor for each equation. If we now
require the equations to be coupled, there will also be ceofficients that determine the strength
of this coupling. For each equation set this will be a further N coefficients. Rather than cre-

ating a further N materials fields, an extra variable type is defined for the existing fields, for
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simplicity, the V variable type. The V variable type is set to be a vector dimension type, with NV

components. With coupling terms the matrix system is:

M, O 0 J Ccy Ky 0 0 Cy
0 M, O i co | + 0 Ky O Co 9.3)
0 0 M; C3 0 0 Kj | C3 |
—A12 — Az A2 A3 C1 | f;
+ Aot =21 — Ag3 A23 Co f; 94)
Azl A3z —A31 — A3 | C3 | f3

For a standard diffusion equation there are two dynamic matrices defined, stiffness and
damping, which are mapped to the U variable type. To store the coupling contributions from
the additional equations, extra matrices must be defined. An array of NV — 1 linear matrices are
defined, which map to the N — 1 other field variable types (V, U1, U2, etc). The terms on the
diagonal of the global coupling matrix must be included within the stiffness matrix, as it is not
possible to have both a dynamic matrix (stiffness) and an additional linear matrix mapping to
the same field variable type (the library will be modified in future to allow this, see tracker item
2741 to check progress on this feature).

For a simple implementation of this refer to the example, /examples/MultiPhysics/Coupled-
DiffusionDiffusion/MonolithicSchemeTest .

Setting up the solver

One solver, but add multiple solver equations.

Show some example lines for the mappings that need to be defined in the set setup.

In the set_linear_setup, for the setup case(EQUATIONS_SET_SETUP_FINISH_ACTION),
the appropriate field variable must be mapped to the particular equations set that is being setup.
This requires a certain degree of hard coding and a priori knowledge about the field variable
types avaiable, and the order in which they will be assigned to equations sets.

First, retrieve the equations set field information and store in a local array.

EQUATIONS_SET_FIELD _FIELD=>EQUATIONS_SET%?EQUATIONS_SET_FIELD% &
& EQUATIONS_SET_FIELD_FIELD
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CALL FIELD_PARAMETER_SET_DATA_GET(EQUATIONS_SET_FIELD_FIELD, &
& FIELD_U_VARIABLE_TYPE,FIELD_VALUES_SET_TYPE, &
& EQUATIONS_SET_FIELD_DATA ,ERR,ERROR, *999)

imy_matrix = EQUATIONS_SET_FIELD_DATA (1)

Ncompartments = EQUATIONS_SET_FIELD_DATA(2)

Here arrays the store the mapping between the equations set id and the field variable type

are allocated and initialised, for use when setting the mappings.

CALL EQUATIONS_MAPPING_LINEAR_MATRICES_ZNUMBER_SET &
& (EQUATIONS_MAPPING, Ncompartments —1,ERR,ERROR,*999)

ALLOCATE(VARIABLE_TYPES(2x Ncompartments ))
ALLOCATE(VARIABLE_U_TYPES (Ncompartments —1))
DO num_var=1,Ncompartments
VARIABLE TYPES (2% num_var —1)=FIELD_U_VARIABLE_TYPE+ &
& (FIELD_NUMBER_OF_VARIABLE _SUBTYPES %« (num_var —1))
VARIABLE_TYPES (2% num _var )=FIELD_DELUDELN_VARIABLE_TYPE+ &
& (FIELD_NUMBER_OF_VARIABLE SUBTYPES *(num_var —1))
ENDDO
num_var_count=0
DO num_var=1,Ncompartments
IF (num_var/=imy_matrix )THEN
num_var_count=num_var_count+1
VARIABLE_U_TYPES (num_var_count)=VARIABLE TYPES (2% num _var —1)
ENDIF
ENDDO

Finally, set the mapping for the dynamic variable (as standard for the diffusion equation),
the linear variable types (for the coupling matrices), the right hand side variable (i.e. delUdeIN
types) and the source variable. Note that the source variable that is mapped is always the
FIELD_U_VARIABLE because we use separate source fields (containing only a U variable)

for each equations set.

CALL EQUATIONS_MAPPING_DYNAMIC_VARIABLE_TYPE_SET &
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& (EQUATIONS_MAPPING, VARIABLE TYPES(2*imy_matrix —1),ERR,ERROR,*999)
CALL EQUATIONS_MAPPING_LINEAR_MATRICES_VARIABLE_TYPES_SET &

& (EQUATIONS_MAPPING, VARIABLE_U_TYPES ,ERR,ERROR, *999)
CALL EQUATIONS_MAPPING_RHS_VARIABLE_TYPE_SET

& (EQUATIONS_MAPPING, VARIABLE. TYPES(2*imy_matrix ) ,ERR,ERROR,*999)
CALL EQUATIONS_MAPPING_SOURCE_VARIABLE_TYPE_SET &

& (EQUATIONS_MAPPING, FIELD_U_VARIABLE_TYPE ,ERR,ERROR, *999)

For a monolithic solution step there is only a single solver equation to setup, but several

equations set equations to map into this. In the example file this is done in the following way:

DO icompartment=1,Ncompartments
CALL CMISSSolverEquationsEquationsSetAdd (SolverEquationsDiffusion ,&
& EquationsSetDiffusion(icompartment),&
& EquationsSetlndex , Err)
ENDDO

915 10

Currently field_IO_routines does not support the export of fields containing field variable types
other than U and delUdelN. Therefore, it is necessary to use the FieldML output routines, and

output separate files, one for each variable type, using calls of the following form:

CALL FieldmIOutput_AddField(fieldmlInfo ,baseName//”. dependent_-U”,&
& region, mesh, DependentField , CMISSFieldUVariableType, err )

CALL FieldmIOutput_AddField(fieldmlInfo ,baseName//”. dependent_-V”’,&
& region, mesh, DependentField , CMISSFieldVVariableType, err )

9.2 Interface coupling
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9.3 Theory

9.3.1 Dirichlet Boundary Condition
Introduction to Dirichlet boundary condition

Dirichlet boundary condition is a type of essential boundary condition where the value of the
variable in an equation does not change at a particular computational node - for e.g. pressure or
temperature. In contrast, a natural boundary condition can be flux in diffusion problem or stress
in linear elasticity. Dirichlet boundary condition is enforced as a fixed specification of values at
a set of boundary nodes. This type of boundary condition is implemented by modifying the set
of equations as opposed to the right hand side of the equation. In a finite element framework, by
enforcing the Dirichlet boundary condition an equation matrix which has been formed by the
test function w is replaced, to give a new set of equations.

The Dirichlet boundary condition being imposed on a particular nodal value implies that
the specific row of the equation matrix corresponding to that particular node is independent of
the rest of the nodes and hence can be eliminated and the matrix simplified in the process. For

example, if the weak form of any of the problems is,

My My ... My o1 by
My Msy ... My 05 by
Mz Msy ... My o3 | = b3
Mnl Mn2 o MNN ¢n bn

Now, if you would like to impose a Dirichlet boundary condition on the first node only i.e.,
on ¢; as C, for examples as in the Laplace equation where Dirichlet boundary condition is

implemented on the first and last node only,

o1 C
®2 by
(1 0 ... 0) o5 | =1 bs
o) o
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which modifies the equation matrix as,

1 0
My, My,
Mz, Msy
Mnl Mn2

0
Man
M3y

MNN

$1
P2
b3

Pn

We can perform another elimination and rewrite the equation as,

1 0 ... 0 01
0 My ... My ®2
0 Ms, Msn o3 | =
0 M, ... Myn On
Now we can store a reduced matrix as,
Msy  Mas My
M3y Ms33 Msy
Mn2 Mn3 MNN
and the right hand side is now,
C
(bz — CM21)
(bg — CMgl)
(b, — CMnn)

C
b2 - CMQl
bg — CM31

b, — CMp
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Therefore to calculate the right hand side of the equation numerically it is required to store the

degrees of freedom associated with the node on which Dirichlet condition is enforced. The

implementation of this step is done in OpenCMISS in the boundary conditions routines and is

explained in detail in the following section.
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Dirichlet boundary condition in OpenCMISS

In this section we give a short description of some of the routines and OpenCMISS coding
details required to modify a part of the code related to boundary conditions.
In an example file, for example Laplace, the boundary condition is implemented in the

following steps,

e Initializing an object CmissBoundaryconditiontype.

° EQUATIONS_SET_BOUNDARY_CONDITIONS_CREATE_START

- As an overview this call stack passes through the EQUATIONS SET SETUP (for e.g.
Classical field — Laplace — Standard Laplace setup) to use the information of the pointer

to the particular ‘equation set’ and return a pointer to the created boundary condition.

e In general in the next calls we evaluated on which nodes the boundary condition is to be

set. The routine

DECOMPOSITION_NODE_DOMAIN_GET

- implements a tree search to get a nodal value

BOUNDARY_CONDITIONS_SET_NODE

- specifies the type of boundary condition on the particular node.

° EQUATIONS_SET_BOUNDARY_CONDITIONS_CREATE_FINISH

- EQUATIONS_SET_SETUP

- sets up the specific details of the equation set by using the

EQUATIONS_SET_SETUP_INFO

- EQUATIONS_SET_BOUNDARY_CONDITIONS_GET
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- Obtains boundary condition information for a particular type of equation set (Clas-
sical field — Laplace)

- EQUATIONS_SET_BOUNDARY_CONDITIONS_CREATE_FINISH

In boundary conditions routine the Dirichlet boundary condition is imposed by first
calculating the Dirichlet degrees of freedom. Then the row-column information
of the equations matrix is obtained by obtaining information about the distributed

matrix, more specifically the:

* DISTRIBUTED MATRIX STORAGE TYPE
* DISTRIBUTED MATRIX STORAGE LOCATIONS

In OpenCMISS the sparse distributed matrix is stored in a format called Compressed Row
Storage (CRS) format (more details given in the next section). There are several other possibili-
ties such as a column based approach: a Compressed Column Storage (CCS) format or a Block
Storage type which have not been implemented yet.

In our current structure the equation matrix is stored in the row based format i.e., CRS. To
implement a Dirichlet boundary condition however, the information of the degrees of freedom
are required which are stored in the columns of the matrix. Therefore it is useful to store the
matrix in a column based approach in order to avoid redundant looping over all rows. Currently
a linked list based approach has been proposed which stores the matrix in a CRS format as
well as a linked list format when a Dirichlet boundary condition is imposed on the problem. In
order reduce the memory usage of storing the equation matrix in two different data formats we
store only the degrees of freedom of the matrix that correspond to the nodes in the boundary.
The boundary nodes are calculated using a parameter mapping function of the local columns
obtained using the global to local mapping of columns of the equation matrix. In this routine the
column-row information of the matrix are obtained from a linked list and the degree of freedom

are calculated and stored to be used in the calculation of the right hand side of the equation.

More on matrix storage

The Compressed row storage (CRS) is a storage format which stores the nonzero elements of a

matrix sequentially. The storage algorithm is outlined by the following example. For a matrix
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of the form,
7T 0 -3 0 =120
2 8 0 0 0 0
o 0 1 0 0 0
-3 0 0 5 0 0
0O -1 0 0 4 0
0O 0 -2 0 6

The compressed row storage or CRS is given by a pointer to the first element of row 7 of A

and a one dimensional array of the column indices,

row indices — 1 4 7 9 11
column indices — 1 3 5 1 2 3 1 4 2 5 4 6
values — 7T -3 -1 2 8 1 -3 5 -1 4 -2 6

For a row 4, the number of non-zero elements is easily obtained from row indices(i + 1)-
row indices(i). For more example on the implementation refer to the matrix vector routines in
OpenCMISS repository.

9.3.2 Neuman Boundary Condition

9.3.3 Robin Boundary Condition
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Developers’ Document

10.1 Introduction

This chapter is intended for new and existing developers of OpenCMISS. It contains tips from
the developers who previously encountered the learning curve, and are now trying to reduce
it for those who are new to OpenCMISS. New developers are encouraged to use this chapter
written in an informal narrative style as an independent study guide to get up to speed with the
codebase. The sections are ordered in an increasing level of difficulty, which introduce the basic
concepts first and then progress through to more advanced features of the code. Care was taken
not to introduce too much information at once — as such, it may at times appear to lack rigor,
but after reading this chapter developers will be empowered to answer their own questions. In
addition, existing developers of OpenCMISS will find that this chapter may serve as a reference
to assist day-to-day development work, and to keep up-to-date with extensions that are made in

the core library functionalities.

10.2 The Anatomy of an Example File

Let’s assume for the sake of discussion that this is your first encounter with OpenCMISS code.
If not, simply skip to the next section. As you may already know, OpenCMISS source code is
split up into two major parts, one which provides the core library functionality, like evaluating

a basis function or solving a pde with finite element method, and one which solves a particular
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problem by using these library routines. The source files (fortran .f90 and some .c files) for
the library routines are entirely contained within /cm/src, whereas the example files can be
found under /cm/examples.

As a new developer, a good place to attack the 300,000+ lines of source code is to start at
an example file because it gives a good bird’s eye view. for historical reasons (it was the first to
be set up and the most “proper”) the Laplace example is often used as a showcase. So let’s go
ahead and fire up the following file in your favourite editor (In Linux Kate, emacs or gedit work
well. In Windows, maybe emacs, Kate or Notepad++ are okay):
/cm/examples/ClassicalField/Laplace/Laplace/src/LaplaceExample.f90.

Later in this chapter we will address the finer details of this example file, however, for now
we’ll look at the general outline and flow. Scroll down and have a brief look - after all the

variable declarations, there should be a call to
CALL CMISSInitialise (...)

All OpenCMISS routines calls are made after this line, since this routine tells the library that

we are ready to start using it. Similarly, near the end of the file there is a call to
CALL CMISSFinalise (...)

which initiates the finalising of objects which had been created by OpenCMISS throughout the
execution.

Of course, what comes in between these calls does all the interesting stuff. It’s about 200
lines of solid blocks of code, but there is an easier way to read this - most tasks in an example

file are arranged in blocks, which looks like

CALL CMISSx*x*xx Typelnitialise (...)
CALL CMISS*%xxx CreateStart (...)

CALL CMISSx*x**xCreateFinish (...)

where **** denotes the type of the object such as coordinate system, region, basis etc. The
initialise call usually creates a space in memory for the object and perhaps assign the default
values for some of its members. If you forget to issue this call, the executable may or may not
throw up an error that says ”**** is already associated.” depending on whether the developer

has written code to check it. Using an object without initialising it may lead to some subtle
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memory problems. You have been warned. Between CreateStart and CreateFinish, we basically
call routines that assign properties to shape and mould this specific instance of the object. It’s
only when the CreateFinish call is issued, that OpenCMISS oils up its gears and actually gets
to work. Thus it is possible that you may have entered conflicting arguments, but the error may
not occur until the CreateFinish is called. Because a lot happens in CreateFinish, it’s usually the
place that you might want to put a stop flag in your debugger (which will be discussed later).

So, armed with the above knowledge, most of the example file can be broken down into
these blocks:

CoordinateSystem
Region

Basis

Mesh/ GeneratedMesh
Decomposition
Field

EquationsSet
BoundaryConditions
Problem

Solver

From these, you probably won’t touch CoordinateSystem (except for changing dimensions),
Region and Decomposition because, well, there’s nothing much to change unless you’re doing
something quite advanced. This leaves for an average Joe developer/user the following bits to
tinker with: Basis, Mesh, Field, EquationsSet, BoundaryConditions, Problem and Solver.

Basis objects are required for all finite element problems, which currently is the only solu-
tion method type implemented. A mesh object holds the geometry and mapping information.
Any kind of numerical data that you might want to hold in a vector or matrix, such as the depen-
dent (unknown) variables, material parameters or the nodal coordinates themselves are neatly
packaged into the Field type object, which has several variants. These objects are described in
further detail in section 10.11.4, but for now we will crack on with this introduction. Equations-
Sets, Solver and BoundaryConditions objects are so big and important that they have their own
designated sections elsewhere in this document (10.11.5, 10.4 and 10.7). This might leave you

wondering what the role of the Problem object is - this one manages the control loops, which
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is a general way to handle linear/nonlinear/steady/time-dependent problems. The Problem ob-
jects also holds meta information regarding what equations are being solved, including coupled
physics problems that have been introduced recently.

If you're a keen developer and you have peeked ahead at any of the library source files,
you might have noticed that they look quite a bit different from the example source file. Every
OpenCMISS routine called from the example file begin with CMISS. .. The reason for this is
because the example file may only use the library through OpenCMISS bindings, or application
programming interface rather than directly calling the routines from the core library itself. This
layer of separation is a pretty standard thing and it protects the user from working directly with
the object pointers which may be dangerous. All binding routines are implemented in the file

/src/opencmiss. f90 which is the only module we include via the call
USE OPENCMISS

at the top of the example file. When you start developing user-callable library routines, you will
have to also write (and maintain!) the bindings if they’re to be used in the example file.

Once you start to modify the code yourself, there will invariably be errors. That’s okay.
What you should know though is how OpenCMISS handles errors. When there is an error in
the library routine, in most cases OpenCMISS won’t exit straight away with an all-too familiar
message like ”segmentation fault” but takes a more graceful approach. This is great for users
of the library, but as a developer it can take a little while to pinpoint exactly at which line the
error has occurred. The default error handling behaviour is to output the error and continue
execution, which, for a scientific code like this usually leads to more errors. This behaviour can

be changed via
CALL CMISSErrorHandlingModeSet( CMISSTrapError, Err)

which forces the program to stop after the error message has been printed.

While we’re on the subject of bug-hunting, let’s address the issue of viewing variables.
There are a couple of different approaches one can use to check on the value of variables mid-
execution. The first is to use a debugger like TotalView, which isn’t free but is worth every
penny. The other way is to go old-school and put WRITE (*, =) all over the source file (Don’t
forget to remove this before committing). This approach involves you having to re-compile the

entire library which is quite time-consuming. Also, because most data you will be interested
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in are encapsulated under extensive object structures, it may require some time to figure out
exactly what to print out.

Having TotalView installed also helps with looking at routines. At this point we will break
through the surface of the example file and go under. Let’s take the error handling mode setting
routine from above. To follow it down, open up /src/opencmiss.£90 and Ctrl-F for the
routine. Between the ENTERS and EXITS routines (which will be described later) you will see

that the binding routine simply makes a call to the actual routine which does the work:
CALL CMISS_ERROR_HANDLING_MODE_SET (. ..)

This subroutine is not defined in opencmiss.£90, as it only contains the bindings. The
convention in OpenCMISS code is to prefix every routine name with the module name, which,
in this case is CMISS. You can now open up /src/cmiss.f90 and search again for the
routine. If you hate having to connect the dots every step of the way in this fashion, you can fire
up the example in Total View and simply double click on the routine names to dive into them.
You should now have a good background to start modifying or setting up your own example
files. A large part of doing this involves copy & pasting an existing example and modifying them
to fit your own problem (be sure to use the svn cp command to avoid nagging emails). In this
case, you might end up spending a lot of time figuring out what arguments a certain function
should be called with. For example, you might want to change the type of matrix storage from

Full to Sparse. The binding routine that sets this is called
CMISSEquationsSparsityTypeSet( Equations , SparsityType , Err)

The second argument, which is what you want to change, is meant to be selected from a set of
named constants. How do I know this? It’s obvious after a while, but you can Ctrl-F for this
routine in opencmiss. £90. There, you will see in the comment next to SparsityType it
will say see OPENCMISS_EquationsSparsityTypes. These constants are also defined
within opencmiss. £90 so Ctrl-F it again and it will take you to the near the top of the file

where

CMISSEquationsSparseMatrices
CMISSEquationsFullMatrices

are defined. The whole thing can also be done by looking at the developer’s page:
http://cmiss.bioeng.auckland.ac.nz/OpenCMISS/doc/doxygen/html/if
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you have a lot of patience that is.
Lastly, if you don’t know already, learn how to search within full directory of files for a
keyword in your editor. Because Fortran doesn’t have a great IDE (integrated development

environment), this is unfortunately the fastest way to find information you’re after.

10.3 Data Model in OpenCMISS

As outlined in the previous section, the example file manages two major tasks. The first is all
about the data, that is, to do with defining and assigning various bits of information like mesh
coordinates, material parameters and so on. The second is all about doing, like setting up and
calling the solver, for example.

By data model, 1 am simply referring here as to how these different bits of numbers are
stored, passed around, and accessed. If I asked you right now to find, say, 'the y-coordinate of
node 7°, you’ll probably notice that it’s not very straightforward since all numbers have been
locked away inside the OpenCMISS data structures. Indeed this is a source of frustration and
makes the learning curve steep. Why is this so complicated? The answer is simple - it’s because
you haven’t read this section yet. Oh and also having the formal structures to support data
handling makes the parallel coding much easier, even if it does cause some overhead in the code
writing.

The key to understanding the OpenCMISS data model is to get to grips with the hierarchy
of data objects, which we’ll go through now. We’ll do this pretty quickly now and come back
later to look at the details. Put very simply,

TOP FIELD
MIDDLE VARIABLE, MESH
BOTTOM BASIS

That’s it. Easy eh? Now the details: The thing to remember is, OpenCMISS has its own shelves
it packs away data onto, and at times it will seem inflexible. In some cases you might be right,
but do you want to learn this or not?! Moreover, these shelves (objects) have names which you
may already associate in your mind with something else — don’t let it throw you off. Be strong.

In the below list, pay attention to the indentation for the hierarchical order.

1. In terms of data, FIELD is the top structure. Think of this as a continuous spatial distri-
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bution of numbers, to be discretised by the structures below in the hierarchy. Note there
are different types of fields, like geometric or materials field. This list applies mainly to

the dependent field, which is another name for the unknown variables of the problem.

e VARIABLES The term variable here relates closer to a mathematical variable, not a
code variable. In the dependent field, it makes sense to group different variables un-
der one field object. This is like keeping displacement and velocity under a common
field object.

— COMPONENTS In the above example, each displacement and velocity could
each have three different components in three dimensions. The data structure
allows independent management of the components. It’s quite general - you can

use different order basis functions for X,Y or Z component, for example.

«x PARAM_TO_DOF_MAP Here the word ‘PARAM’ refers to a node or grid
point or gauss point etc, depending on whichever way you decided to inter-
polate the variable. If you chose a node-based interpolation, ‘node_param2dof_map’
will tell you exactly where in the dof (degrees of freedom) vector the un-

known of this component of this variable of this field maps to.

— PARAMETER_SETS Even though for a given variable, components can be
handled separately, all numbers of all components for a variable are actually
dumped into one long vector. This vector is called the parameter set, because
it contains the parameters for the chosen interpolation scheme. Underneath the
bonnet, this vector is powered by the distributed_vector_class which helps with

parallel communication of data.

+ PARAMETER_SET_TYPE You might want to store different type of data,
even for a given field variable. For example, you might want to store the
displacement at the last time step as well the displacement. Obviously the
two data sets belong to the same variable and components, so what you have
to do is to allocate another vector of the same size to put your data into. This
is easily achieved by creating an additional parameter set and assigning it
an appropriate (and different) parameter set type, so that OpenCMISS will
handle its storage. This way, all your data are close by and you don’t have

to worry about creating and passing various different vectors around the
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code.

2. The field is continuously varying, but we characterise it by a discrete vector of numbers.
This should hint to you that there is a MESH involved in this whole business — you’re

right. And you figured it out all on your own.

Did you notice how parameter_sets contain the data, while param_to_dof_map contains its

mapping into arrays? The structure above separates data from bookkeeping.
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